Multilevel Modeling

This chapter! presents and illustrates the newly added multilevel model-
ing features in LISREL 8.30.

It starts out with a brief and general introduction, followed by an expla-
nation of the statistical theory behind multilevel analysis.

The remainder of the chapter is devoted to how to do actual multilevel
analysis. First, through an overview of the syntax for creating an input
file. Next, through a step-by-step discussion of several examples.

2.1 Introduction to Multilevel Modeling

The analysis of data with a hierarchical structure has been described in
the literature under various names. It is known as hierarchical modeling,
random coefficient modeling, latent curve modeling, growth curve mod-
eling or multilevel modeling. The basic underlying structure of measure-
ments nested within units at a higher level of the hierarchy is, however,
common to all. In a growth model, with repeated measures, for example,
the measurements or outcomes are nested within the experimental units
(second level units) of the hierarchy. We can describe these outcomes as
a sum of effects for the individual measurement and for the experimen-
tal unit for which the measurement was made. Regression coefficients
may be present at some or all of the levels, and variance components at
different levels of the hierarchy may also be obtained.
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14 2MULTILEVEL MODELING

Inference can be drawn from available data for such a model for the pop-
ulation means at any level. Hierarchical models are particularly useful
in the modeling of data from complex surveys, as cluster or multi-stage
sample designs are frequently used for populations with a hierarchical
structure. Ignoring the hierarchical structure of data can have serious
implications, as the use of alternatives such as aggregation and disaggre-
gation of information to another level can induce high collinearity among
predictors and large or biased standard errors for the estimates. Stan-
dard fixed parameter regression models do not allow for the exploration
of variation between groups, which may be of interest in its own right. For
a discussion of the effects of these alternatives, see Bryk & Raudenbush
(1992), Longford (1987), and Rasbash (1993).

In contrast, multilevel or hierarchical modeling provides the opportunity
to study variation at different levels of the hierarchy. Such a model can
also include separate regression coefficients at different levels of the hier-
archy that have no meaning without recognition of the hierarchical struc-
ture of the population. The dependence of repeated measurements be-
longing to one experimental unit in a typical growth curve analysis, for
example, is taken into account with this approach. In addition, the data
to be analyzed need not be balanced in nature. This has the advantage
that estimates can also be units for which a very limited amount of infor-
mation is available.

In the examples given here, we primarily focus on the application of this
approach to growth curve models and repeated measurements data. To
illustrate the wide applicability of this analysis tool, we also include ex-
amples of the analysis of data of an educational nature and data from the
1995 CPC survey.

2.2 Theoretical Background

In this section the concept of multilevel modeling is introduced. A fixed
parameter linear regression model is considered first (p. 15), followed by
a level-2 model (p. 17), and finally a general level-3 model (p. 19).
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2.2.1

Next, a brief overview of estimation procedures that may be used for the
analysis of unbalanced hierarchical data is given (p. 22). Then, statistical
inference is discussed, starting on p. 27.

Survey data in the social sciences are usually of a categorical nature. In
Section 2.2.6 the analysis of data with categorical response variables is
considered.

A fixed parameter linear regression model

Consider the dental measurement data set first analyzed by Potthoff &
Roy (1964). The data set contains the dental measurements of 11 girls
and 16 boys at ages 8, 10, 12, and 14 years. Each measurement is the
distance in millimeters between the center of the pituitary and the ptery-
gomaxillary fissure.

Suppose we wish to investigate the relationship between the measure-
ments y;;,7 = 1,2, 3,4 for child » and the ages at which the measurement
were taken. Denote these ages for individual ¢ by x;1, 2, 743, and x;4.

Traditionally, a single linear equation may be estimated by pooling all 27
cases. The measurement may then be expressed as a linear function of
the ages at which measurements are taken and could be written as

Yiy = Bo + Praij + e 7 =1,2,3,4. (2.1)
Let
X;] = [ 1 [E” ]
and
B =[5 bl

From (2.1), the measurement for individual ¢ can be rewritten as

yl]:X;]6+el]7 Z:17277N7]:1727374
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where N = 27 denotes the total number of children for which measure-
ments were available.

Using matrix notation, the set of regression equations given above may
be written as

y=XB+e,
where
Y1 X1 e
y = : , X = : , and e=
YN XN ey
It is assumed that ey, €12, . . . are uncorrelated with mean zero and con-
stant variance o2. Thus,
E(e)=0 (2.2)
and
Cov(e,e') = o’T. (2.3)

Under the assumptions given by (2.2) and (2.3), the ordinary least squares
estimator 3 of 3 is obtained as

B=(X'X)"'X'y

where

and
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2.2.2 A level-2 model

In this case the individual children are the level-2 units and the dental
measurements at different ages the level-1 units. There are four level-1
units nested within each level-2 unit and there are 27 level-2 units.

The fact that the regression coefficients usually vary from one individual
to another, may be accommodated by regarding the unknown regression
parameters as random variables with mean 3 and covariance matrix ®.

The model for the 27 level-2 units can then be defined as

y; = Xb; + €;, e=1,2,...,27 (2.4)

where the 4 X 2 matrix X is given by

1 8
1 10
X=11 1o
1 14

with the first column denoting the intercept term and the second column
giving the ages at which measurements were made.

It is assumed that by, bs, ..., by7 are a random sample from a multivari-
ate normal distribution with

E(b;) = 8
and
COV(bZ’,b;) =¢ .
The vectors ey, ey, ..., ey; are assumed to be independently and iden-

tically distributed as N(0,o%I) independent of by, by, ..., byr. Under
these assumptions it follows that

E(y:) = X8 (2.5)
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and

Cov(yi,yi) = X®X' 4 o1 (2.6)

If, however, the gender of an individual is to be taken into account, (2.4)
can be rewritten as

y; = Xb; +e;, (2.7)
where
Bo + uin
b; = | B4 up
B2 +0

and where 3, denotes the gender coefficient.

It is more convenient to write (2.7) as

yi:X(f)ﬁ—l—X(z)ui—l—ei, v=1,2,...,27. (2.8)

The matrix X ) is the design matrix for the fixed part of the model. If
gender is coded ‘1’ for boys and ‘—1’ for girls, the matrix Xy, in the case
of a female, is given by

1 8 -1
1 10 —1
Xn=11 12 1
1 14 —1

The vector b; defines a model with intercept and slope coefficients which
are allowed to vary over the units. A fixed gender effect is also included.
The vector 3 as given in (2.8) contains coefficients for the fixed part of the
model, while the vector u; contains those coefficients allowed to vary over
level-2 units.
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The matrix X ;) is the random parameter matrix on level 2 of the model
and is given by

1 8
1 10
Xo= |1 12
1 14
Let
E(ui) =0
and
Cov(u;, uj) = By
while e, €9, . .., ey7 are assumed to be identically and independently dis-

tributed as N (0, o*1). Then (cf (2.5) and (2.6)),

E(yi) = X583 (2.9)

and

Cov(yi,y;) = X(2)®(2)X{y) + 07T . (2.10)

2.2.3 A general level-3 model

Consider the situation where a response variable y may deoend on a set
of p predictors z1, x2,. .., x,. The general level-3 model is defined as

Yijk = X(p)ijiB + X3y Vi + X(2)i6 W + X(1)54€ijk - (2.11)
where

¢t =1,2,..., N denotes level-3 units (e.g., educational departments),
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g =1,2....,n; denotes level-2 units (e.g., schools), and

kE=1,2,...,n;; denotes level-1 units (e.g., pupils).

Xl(f)ijk :1 x s  isatypical row of the design matrix of the fixed part of

the model, the elements being a subset of the p predic-
tors.

Xl(3)l»]»k :1 x g  isatypical row of the design matrix for the random part

at level 3, the elements being a subset of the p predic-
tors.

Xl(z)i]»k :1 xm isatypical row of the design matrix for the random part

at level 2, the elements being a subset of the p predic-
tors.

Xl(l)i]»k :1 xr  isatypical row of the design matrix for the random part
at level 1, the elements being a subset of the p predic-

tors.
B:sx1 is a vector of fixed, but unknown parameters to be esti-
mated.
It is assumed that v, v,,..., vy are independently and identically dis-
tributed with mean O and covariance matrix ®(3). It is further assumed
that u;1, u;2, ..., Wy, arei.i.d. with mean 0 and covariance matrix <I>(2),
while e;;1, €52, ..., €;jy,;; arei.i.d. with mean O and covariance matrix

® (1. Finally, it is assumed that v;, u;;, and e;j; are independent.

Let

Ya
yi2

yi (2.12)
Yin;

where y;; denotes the n;; x 1 vector of responses for the :-th level-3 unit
and the j-th level-2 unit. Note that y,; can be expressed as
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' y
X(1)ij1€11

Xl(l)z’jzeiﬂ
Yij = X8 + Xzyij Vi + Xayijij + : . (2.13)

/ ..
X(l)l]n” el]nij

where
X:(f)z'ﬂ Xi(S)ijl
X ($yii X(f).ijz ) X3)ij = X(3),ij2 , and
X(pijng X(3)ijn;
Xi(Z)ijl
X(2)ij = S
X(2)ijny;

Under the distributional assumptions given above, it follows that

E(yi) = X8 (2.14)
where
X (i1
X(pi= X(f;)iz
X (fyin;
Also

Cov(yi,y;) = X3)i® (3 X(3); + Ai (2.15)
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where
A+ Dy 0 - 0
0 Apo+Dypp ... 0
A = . A . (2.16)
0 0 . Ami + Dmi
with
Aij = X(2)i @3 Xy
and
Aiji 0 0
0 Aijz2 ... 0
Dijj=1| . . . : (2.17)
0 0 ) /\ijnij
with

Aijk = Xl(l)ijkq)(l)x(l)ijk .

2.2.4 Parameter estimation

The model given by (2.13) introduced in the Section A general level-3
model (page 19) may be written as

n; n; Nij
i =X(0iB + Xpvi+ 2 Loy + - > Unyijreir (2.18)
j=1 j=1k=1

where
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(2.19)

Zoyij= | X@ij | > (2.20)
0

Ugyijr = X(B)ijk , (2.21)

and where v;, u;;, and e,;;; denote the random parameter vectors on
level 3, level 2, and level 1 of the model. It will be convenient to replace
*

the double subscript j & with the single subscript [ where ! = 1,2,....n}
with

n;
* D — .
ni = ni.
=1

Thus, (2.18) can be rewritten as

n*

yi=Xuvi+ D Zegyijwi; + > Upyuei - (2.22)

j=1 =1
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Under the distributional assumptions given in Section A general level-3
model, it follows that

E(yi) = X8

where

X(pi

X(f)i
(£i2
Xy = : (2.23)

X fying

It also follows that

Cov(yiy;) = i
= X3)i®(3)X{3); + Zl Z2)i;® (2) L2y +
]:

n*

+> U1)a® 1)Uy -
=1

Suppose that @(3), <i>(2), and <i>(1) are consistent estimators of @3, ® (),
and @), respectively, so that

n*

Vi =X 3@ X{a)i + 2 Z2)i; @ Z2)i5 + 2 Unya® ) Ui
j=1 =1
is a consistent estimator of X;.

The generalized least squares estimator B of 3 is obtained as the mini-
mum of the quadratic function
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N
Qs = [yvi — X(niBI'Vi lyi — X))
=1
with solution
. N ) 1w 1
! — ! _
p= [; XpiVi X(f)i] [; X Vi yi] - (2.24)

In order to estimate @ 3), ®(;), and @y let

yi =vecs(yi = XpiB)yi = X(piB)' . (2.25)

then

E(y;) =vecs X; .

Using the result (Browne, 1974), on vector operations, viz,

vec(CAC') = (C @ C)vecA

it follows that

vecV; = X(3)z @ X(3)Z’VGC ‘I)(3) + Z(Z(z)” @ Z(z)ij)vec ‘I)(z) +
j=1

ny

+ Z(U(l)u ® U(l)”)vec D) .
=1

There exists a unique matrix (see Browne, 1974, or McCulloch, 1982) G, :
p? %p(p + 1) such that

vecA = G vecs A
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with A a symmetric p X p matrix. There is also a non-unique matrix
H,: %p(p + 1) x p? such that

vecs A = Hyvec A

The vector vecs 3J;, consisting of the non-duplicated elements of 3J;, can
then be written as

Vecs X; = X1

where

(X(3)i @ X(3)i)Gq
X3 = H,: (2/21 Z(3)ij © Z(z)ij) Gm (2.26)
(Z?:’j Upa @ U(l)il) Gr

and

vecs ‘I)(3)
T=|vecsPy | . (2.27)
vecs (I)(l)

Now consider the quadratic form

N
Qr =Y {lyi - Xir Wi [y} — X}7]}
1=1

where W; is a consistent estimator of the covariance of y;.

It has, for example, been shown by Browne (1974) and Goldstein (1989)
that, if

.—1:1

Wl
2

G, (Vi'@ Vi) Gy, . (2.28)
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then W; is a consistent estimator of the covariance of y;.

Minimization of Q7 with respect to 7 yields

N I
T = [Z X}"W;lX}‘] [Z X}"W;ly;‘] (2.29)

In order to ensure computational efficiency, the components of 7 are fur-
ther simplified as discussed in du Toit (1995).

IGLS estimators

The IGLS estimators B of 3 and 7 of T can be obtained as follows:

(@) SetV =1
(ii) Calculate 3;, (cf (2.24))
(iii) Calculate y] = vecs (yi — X(3)iB)(yi — X(3)iB) (cf. (2.25))
(iv) Calculate 7 by initially setting ® ;) = I, @5y = I, and @3y =1
(v) Update V; (cf. (2.28))

Repeat steps (ii) to (v) until convergence is obtained. The algorithm de-
scribed above is known as Iterative Generalized Least Squares (IGLS).

Statistical inference

In the following section (Standard errors), results are given which are
required for the calculation of the standard errors of the estimated pa-
rameters.

Next, in Contrasts, we discuss hypotheses of the form ¢y 3y +cof2 +-- - +
cq3; = k about the elements of the fixed parameter vector 3.

We continue with the calculation of empirical Bayes estimates (p. 30) and
conclude with discussing likelihood ratio tests (p. 31).
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Standard errors

From (2.24) it follows that the covariance matrix of B is given by

cov(B.8) = [X =Xy, (2.30)

In practice, 3; is unknown and is replaced by maximum likelihood esti-
mator X;(7) = V,. Hence, a consistent estimate of the covariance matrix
of is given by

2 7 * — * -1

Similarly, it can be shown that a consistent estimator of the covariance
matrix of 7 (¢f (2.29)) is given by

-1
N
Cov (F,7') = [Z X;"W;lle . (2.32)

1=1

The diagonal elements of the covariance matrix (2.31) may be used to ob-
tain large-sample estimates of the standard errors for the fixed parameter
estimates. For large samples, B and 7 have approximate multivariate nor-
mal distributions. See, for example, Malinvaud (1970) for general results
on the distribution of least squares estimators.

Contrasts

The construction of contrasts or linear functions of the parameters is a
useful statistical analysis tool and enables the researcher to perform hy-
pothesis testing concerning the equality of subsets of parameters. In this
section a summary of the results required for contrast testing is given.

A p X ¢ contrast matrix C, where p denotes the number of contrasts, can
be used to formulate a complex hypothesis about several elements of 3.
The hypothesis is written in the form C3 = k, where k is a known p x 1
vector.
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Consider as an example the case where ¢ = 3 and the following hypothesis
is to be tested:

fr—p2 = 0
Bz —p2 = 0.

The null hypothesis can be formulated as

Ba | =10

[1—1 0] S 0
33 0

For large samples, it can be shown that the vector variate CB will be
approximately distributed as N(Cg3, C( ’(f)V_lX(f))_lC’).

Therefore, if Hy is true,

M = (C3 - k) {C(X{, VX (4)"'C'} (CB - k) (2.33)

has an approximate y? distribution with p degrees of freedom.

Let ¢’ denote the i-th row of C and Xg,a the critical value of the y? dis-
tribution with ¢ degrees of freedom. A set of 100(1 — «) % simultaneous
confidence intervals for the p elements of CA3 is given by the p intervals

A N _ 0.5
B £ {ci(X() VX)) einga) - p<a. (2.34)

The null hypothesis H : B]’ =0, 3 =1,2,...,q is tested by using the
test statistic

~

_ B
S.EE.(Br)

which, for large samples, has an approximate N (0, 1) distribution if Hy
is true.

z
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Empirical Bayes estimates

The residuals v;, 01;, and €; (see Section 2.2.3) may be estimated as follows.

Let

yi=yi— X8,

Under the assumption of multivariate normality it follows that y; is ap-
proximately distributed as N (0, X;) and v; is approximately distributed
as N (0, @) ), and hence the joint distribution of y; and v, is

(%)NN((O) z X(3)z"1’(3))_
Vi 0 ) ®3Xiy, P

From standard results on conditional distributions (see for example Mor-
rison, 1991) it follows that

E(vily)) = 0+ (X(3,®(3) S (yi — 0)
= (X3u®e)'S 'y
Thus, the empirical Bayes estimate of v; is

Similarly,

;= D) X{0), Vi (yij — X(5)i8) - (2.36)
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Likelihood ratio tests

Finally, likelihood ratio tests are considered. Tests of a null hypothesis
against a restricted alternative hypothesis can be constructed, provided
that two conditions are met. Firstly, the models under H, and H; should
be estimable and secondly, the parameter space €2, for Hy must be a sub-
set of the parameter space € of H;.

Use is made of the likelihood ratio test statistic

: (2.37)

b'
=N
= QQ>
>

,7)

where Ly and L denote the likelihood functions under Hy and Hy, re-
spectively. For N large (see for example Anderson, 1984), —2In)\ has an
approximate y?(v) distribution where the number of degrees of freedom
v is the difference in the number of parameters estimated under H; and
the number of parameters estimated under Hy.

Example:
Consider the null hypothesis

Hy: Cov (yij.¥i;) = X(2)i;®(2) X{2)i; T R)Iny,
as opposed to the alternative hypothesis

Hy: Cov(yij, ¥ij) = X3)i ®(3)X(3)i; + X2)ij R 2) X{2);; + Ry In; -

Let
B Lo(‘i’(l)a‘i’(z))
Ll((ﬁ(l)v ¢(2)7 ¢(3))
For N large, —2In\ = —2(InLy — InL;) has an approximate y?(v) dis-

tribution with the number of degrees of freedom, v = %q(q + 1), which
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is the number of non-duplicated elements of ®3). Note that InL is the
log-likelihood function

1 Y _
InL = -5 Z {niln(27r) +In|X;| + X, Yy — X piB)yi — X(f)lﬂ)’}
=1
with X} 3 and 3;, respectively, the expected value and covariance of y;.

Multilevel logit models
Introduction

Survey data usually consist of a mixture of biographical, geographical, and
response variables and frequently have a hierarchical structure. Quite
often, these response variables are categorical in nature. In the last few
decades a wide variety of methods for the analysis of categorical data have
been proposed. Many of these are generalizations of continuous data anal-
ysis methods (see for example Bishop, Fienberg, & Holland, 1975, and
Agresti, 1990). In order to accommodate the structure of hierarchical
data, a multilevel modeling approach may be used.

A level-3 logit model

To introduce a logit model with a categorical response variable, consider
the following frequency table, where the subscripts ¢7 k refer to subpopu-
lation k& within the :-th level-3 and j-th level-2 combination.

For illustrative purposes, it is assumed that a maximum of six subpop-
ulations are formed according to the gender and age of respondents, as
shown below for the ¢-th level-3 and j-th level-2 unit.
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Gender Age Number of responses Total
Negative Don’tknow  Yes
Male 18 to 29 years fijin fiji2 fij1,3 | fij1.
Male 30 to 49 years fijo1 fij2,2 fij2,3 | fijo.
Male 50 years and older | fi;31 fij3,2 figss | figs-
Female | 18to 29 years fijan fijaz fijaz | fija
Female | 30 to 49 years fijs,1 fijs,2 fijs,3 | fijs
Female | 50 years and older | f;61 fij6.2 fije,3 | fije

The frequencies fi;k 1, fijk2, and f;jx 3 denote the number of negative,
don’t know, and positive responses, respectively, while f;;;. is the total
number of responses for the k-th subpopulation, £ = 1,2,...,6. The
number of response categories is denoted by ¢ which, in this case, is equal
to three.

The vector of responses is formed by using the third category, i.e., the
number of positive responses, as reference category. For each of the six
subpopulations described above, two elements of the vector of responses
are formed as follows:

Infijl,l Infij1,2 Infijb’,l Infij6,2

Yij = fijrs " fijrs 0 fize,3 fijes ] : (2.38)

For each subpopulation k within the z-th level-3 and j-th level-2 unit, the
probability 7;;1; of the I-th response (I = 1,2) occurring is estimated by

Pijki = M Hence, a typical element of y;; is InPikt,
fz]k~ Pijke

From this it follows that

yi = f(pij) (2.39)

where

!
Pij = | Piy1,1 Pij1,2 -+ Pij6,1 Pij6,2

It is assumed that the expected value of the response vector y;; can be
expressed in the form
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E(yij) = X (58 (2.40)

where the elements of X(y);; depend on whether provision is made for
the inclusion of an intercept or constant effect and on the way in which
subpopulations are formed. The elements of the vector are fixed, but un-
known, parameters to be estimated.

Denote the covariance matrix of y;; by X;;. An approximate expression
for ¥, is obtained through use of the following first order Taylor expansion
of y;; evaluated in the neighborhood of 7;; (see for example Cramer, 1946)

yij = f(mij) + Jij(pij — mij) (2.41)
where
Jij 1 sxes= ayZ|pU ™

¢ is the number of categories of the response variable and s denotes the
total number of subpopulations in the (2, y)-th unit.

The covariance of y;;, to the first order of approximation, can be written
as

3ij = Jij Cov (pij, pij)ij = Jij Vi; Ti; - (2.42)

It can be shown that, if the c-th category of the response variable is used
as the reference category, 3J;; has, to the first order of approximation, the
following form

1
fm.\IfH 1 0 0
- 0 f,»jz.‘I’zz 0
Yij= . . , . (2.43)
0 0 RUDR | |

fijs-
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For a c category response variable

Ji'
W, — Dﬂ-ijk + , (2.44)

Tijk,c

where 7;;1 . is the probability that respondents in the k-th subpopulation
from the :-th level-3 and j-th level-2 unit will select the c-th category of
the response variable.

In order to accommodate the level-1 error structure, the model can be
written as

yij = X(piiB + X(yijeij - (2.45)

It is assumed that e;;, e;2, ..., e;,, are i.i.d. with mean O and covari-
ance matrix ® ;). Assuming that the number of response categories is c,
it follows that the matrix X ;);; denoting the random parameter weight
matrix on level 1 of the model can be written as the symmetric matrix

-1
MIC_I 0 0 0 0 0
0 ﬁlc_ll 0 0 0 0
0o 0 A T1.,0 0 0
Xy =Dy = o o f”; L1 0 o (2.46)
0 0 0 f”ij L 1.,0
v Jiss el
0 0 0 0 0 W}f_lc_l
The following constraints are imposed on the level-1 covariance matrix
@)
[ @1y, 0 0 0 0 0 |
0 D1y, 0 0 0 0
0 0 P 0 0 0
® (D23 2.47
0 0 0 0 D (1), 0
|0 0 0 0 0 ()6
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The model given in (2.45) is further extended to include a random compo-
nent on level 3 of the model as follows

vi = X(pij [B+S@uvi + Sepui| + Xayei;  (248)
= X(pisB + X)ijvi + Xyijuij + Xyijeij -

The vector v; represents the coefficients of variables allowed to be ran-
dom on level 3 and it is assumed that vy, va, ..., vy are independently
and identically distributed with mean O and covariance matrix ®s). It is
assumed that v;, u;;, and e,;;; are independent.

S(2)isat xm (m < t) matrix formed by the selection of columns from the
identity matrix of order . These columns correspond to those elements
of b;; that are allowed to be random on level 2. If, for example, t = 4
and only the first and fourth coefficients are allowed to vary randomly on
level 2, then

S(2) =

oo O
o OO

The matrix S3) is defined in a similar way.

Let
Yi=|Ya - Yi - Yin
and denote the covariance matrix of y; by 3J;. It follows that

where
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A O 0

0 Ap 0

A= . ; .
0 0 Amj

with
Aij = X(2)i 82 X2y + X @) X{1)i -

Estimation considerations

In this section it is shown that parameter estimation of a level-3 logit
model is achieved by fitting a general level-3 model with random coeffi-
cients on level 3 and level 2 of the hierarchy.

Let
Yijrna
Yijk2
Yijk = . (2.50)
Yijk,c—1
denote a set of ¢ — 1 responses from subpopulation k, k = 1,2,..., s, from

the j-th level-2 and :-th level-3 unit.
It follows from (2.48) that

Yijka = X(pijkaB T Xayizea Vit X(2)ijra Wij + X(1)ijx1€i5k (2.51)

_— I I . I .. I ..
Yijke = X(pijh2B T X@yijee Vi T X@2)ijre2 Wi T X1yije,2€ijk

_— I I . I .. I ..
Yijke-1 = X(fijhe—1B 1+ X(3)ijk,e—1Vi T X(2yijh,c—1Wij T X(1)ijk,c—1€ijk
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Under the assumption of a multinomial level-1 error structure (see the
previous Section), it follows that the elements of e;;; are correlated.

A multilevel analysis of logit models requires that

() e;jr, £ =1,2,..., s; are independently distributed and that
(ii) Cov(e;jk,e;;;) = ®(1),, (f (2.43) and (2.46))

which implies that the ¢ — 1 elements of e;;; are correlated, but that e;
and e;j;,, k # m, are uncorrelated.

Let X(f)z]k7 X(S)z]k7 X(Z)z]ka and X(l)z]k have typlcal rows
X{(pyijhts X@)ijkts X(@)ijkt 84X 1=1,2,00=1,

respectively. From (2.51) it follows that

Vigk = X(pijeB + X3yie Vi + X2yijp Wiy + X(1yijreije (2.52)
E=1,2,...,s.

The set of regression equations given by (2.52) can be written as

Yij = X(5)iiB + X(3)ijvi + X(g)iui;

where
X1 X@yijt 0 e 0
" X(z)ijz 0 X(l)ijz e 0
(2)ij — : : : : , (2.53)
Xyijs 0 0 ... Xuiys

and
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u;y
€51
u’, = | €ij2
€ijs
where s is the maximum number of subpopulations.

Note that

Xij = | X@ii Xij |

where (cf. (2.46))

X(1yij = Dij -

Suppose that for a given (z, 7)-combination only s; < s subpopulations
are present. In this case X(y);; has (¢ — 1) x sj rows, but the number of
columns remains m + (¢ — 1) X s, which is the dimension of the random

coefficient vector u;;.

The covariance of u;; can then be written as

o ¢ 0
* * * (1)
B,y = Cov(ujj,ujj) = ; : ! : (2.54)
0 0 .. @(1)SS

2.3 Multilevel Input Files

Although users of the Windows version of the LISREL program have the
option to construct the required command files through the dialog-box
interface, we will focus on the use of the multilevel syntax to write a proper



40

2.3.1

2MULTILEVEL MODELING

input file directly in a text editor, which is the way the program works on
each platform that it is available for.?.

Some analysis specifications cannot even be produced through the dialog
screens, in which case the editing of the syntax file becomes necessary.

Data file

All the multilevel examples that are included with the program and dis-
cussed starting on page 69, use a PRELIS system file or PSF file as starting
point. For example, the very first example contains the following com-
mand in the input file:

SY=K: \LISREL83\MLEVELEX \MOUSE .PSF;

The data are in a system file (indicated with the command SY=) with the
name MOUSE.PSF in a certain directory on the system.

Here is an example of a simple PRELIS file that creates such a system file
(file EX2.PR2):

EXAMPLE 2: ATTITUDES OF MORALITY AND EQUALITY

DA NI=8 N0O=200 MI=0 TR=PA

LA

HUMRGHTS EQUALCON RACEPROB EQUALVAL EUTHANAS CRIMEPUN CONSCOBJ GUILT
RA FI=DATA.EX2

OU RA=DATA.PSF

After running PRELIS with this input file, a PRELIS system file DATA.PSF is
created in the default directory.

We recommend that the user follows the same path and concentrates first
on the data step using all the features that PRELIS offers. Once the data
are in shape, create a PSF file and concentrate on the data analysis.

2381 publishes a separate guide that includes the Windows dialog-box interface for
multilevel analysis: Interactive LISREL
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2.3.2 Syntax file

This section provides an overview of the syntax conventions for multilevel
analysis.

Syntax overview

The basic structure of the analysis input file is as given in Table 2.1, and
the required commands are indicated. Turn to the page given in the last
column for a detailed description of the particular command.

Table 2.1  Basic Structure of the Multilevel Input File

Command Description Required? Page

OPTIONS [list of options] ; Yes 42

IDnn = [name of variable identifying level-r Yes 46
units] ;

RANDOMn, = [names of variables random on level rn Yes 47
of the model] ;

RESPONSE = [mame(s) of response variables(s)] ; Yes 48

FIXED = [names of variables included as fixed Yes 48
effects in the model] ;

COVnPAT = [pattern for level-rn random coefficient No 49
covariance matrix] ;

COVnVAL = [starting values for level-n random co- No 54
efficient covariance matrix] ;

FIXVAL = [starting values for fixed effect param- No 55
eters] ;

CONTRAST = [name of contrast file] ; No 56

MISSING_DAT = [integer value] ; No 58

MISSING.DEP = [integer value] ; No 59

SUBPOP = [names of variables to be used to con- No 60

struct subpopulations] ;
TITLE = [a descriptive title for the analysis] ; No 61
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Guidelines for constructing or changing the input file

When the input file is constructed or edited through a text editor, the
following guidelines should be kept in mind:

O All commands start with a command name and conclude with a semi-
colon.

0 Note that the maximum length of a command in the input file is 80
characters.

0 There is no specific required order in which commands have to be
given, with the exception that the OPTIONS command must always
be the first command in the input file.

o Blank lines between commands are allowed.

0 The input file may be given in either upper or lower case, as long as
use of a preference is consistent throughout the file.

0 A keyword cannot be a mixture of upper and lower case letters.

OPTIONS

Required command

Each input file for a multilevel analysis starts with an OPTIONS command.
The options are used to control the estimation procedure and the amount
of output to be supplied at convergence of the iterative procedure.

The list of options may be given in any order between the command name
and the semi-colon signaling the conclusion of this command. If the de-
fault values of the options are deemed sufficient, the corresponding op-
tions may also be omitted.

The options that may be used with the OPTIONS command and their de-
fault values are summarized below.

OoLS

OLS estimates of the fixed effects are calculated as a first step of the iter-
ative procedure unless otherwise specified. The OLS keyword is used to
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indicate whether the OLS estimates are to be calculated during the first
iteration. Valid values are YES and NONE.

If NONE is specified, no OLS estimates will be calculated during the first
iteration. The NONE value, when used in combination with the optional
FIXVAL command (see page 55), allows the user to provide a set of initial
values for the fixed coefficients in the model. The default value for this
keyword is YES, indicating calculation of OLS estimates during iteration 1.

CONVERGENCE

A test for convergence is made at the end of each iteration. The difference
in the numerical value between successive values of the estimated param-
eters is compared to a convergence criterion of the form 107", where «
is an integer with possible values 1, 2,. ... If the difference between suc-
cessive values is smaller than the convergence criterion, convergence is
said to have been reached. The default convergence criterion is 0.001 (or
1072). In order to use a different value, for example, 0.0001 as conver-
gence criterion, the specification CONVERGE = 0.0001 must be included
on the OPTIONS command.

MAXITER

The keyword MAXITER is used to indicate the maximum number of iter-
ations to be performed. The default number of iterations is 10, which
should be sufficient for convergence to be reached in most cases. If, how-
ever, amore stringent convergence criterion is used or previous experience
with a particular data set indicates slow convergence, this keyword may
be used to increase the maximum number of iterations. If, on the other
hand, the user wishes to obtain only the OLS estimates calculated in the
first iteration, MAXITER should be set equal to 1.

OUTPUT

The OUTPUT keyword determines the amount of output required. Valid
specifications are:

STANDARD The default output only, as described below
BAYES The default output and empirical Bayes estimates
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RESIDUAL  The default output and residuals

ALL The default output, residuals and empirical Bayes estimates.

OUTPUT=STANDARD (Default output)

The following information is written to the default output file:

1. Input specifications as supplied by the user in the input file.

2. A summary of the hierarchical structure of the raw data.

3. Details of the iterative procedure. For each iteration, these details
include the estimates, their standard errors, z-values, and probabil-
ities of exceeding those limits.

4. The covariance and correlation matrices of the random parameters
on the different levels of the model are also given.

5. The value of —2InL (likelihood function) at each iteration

6. The computation time for completion of the iterative procedure and
writing of required results to the output file.

See also the section on the format of the default output file (p. 61) for a
discussion of the default output file.

OUTPUT=BAYES (Empirical Bayes estimates)

If OUTPUT=BAYES is specified, 1 to 6 listed above are written to the output
file. Two additional output files are created (in the case of a level-3 model).

The empirical Bayes estimates on levels 2 and 3 of the model are calculated
and, along with their variance and relevant variable codes, are written to
the files *.BA2 and *.BA3, where these filenames refer to the second and
third level of the hierarchy, respectively.

See also the section on the format of the empirical Bayes estimate output
file(s) (p. 67) for a discussion of the EB estimate output file obtained for
the mice data.

OUTPUT=RESIDUAL (Residuals)

If OUTPUT=BAYES is specified, items 1 to 6 listed above are written to the
output file. An additional file, *.RES, is created, containing the residuals
as at convergence. The following information is given:
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. / -
0 the residuals (v, — X{(yijk * 3),
0 expected value (y;;), and
0 observed value (y,;;) for each observation in the raw data set.

See also the section on the format of the residual output file (p. 68) for a
discussion of the residual file obtained for the analysis of the mice data.

OUTPUT=ALL (All output)

All of the above files are created.

Examples of OPTIONS commands

(a) OPTIONS ;

By using this form of the OPTIONS command, the procedure to be
used is IGLS and the convergence criterion is 0.001. A maximum
number of 10 iterations will be carried out and partial output will be
written to either the user specified output file or the default output
file *.OUT. OLS estimates are calculated during the first iteration.

(b) OPTIONS MAXITER=5 OUTPUT=ALL;

This command specifies the use of a convergence criterion of 0.001
with the use of OLS estimation in the first iteration. A maximum of
5 iterations is allowed and the creation of all additional output files
is requested.

(c) OPTIONS OLS=NONE MAXITER=20 OUTPUT=ALL CONVERGE=0.0001;

Use of this command will exclude the calculation of the OLS esti-
mates during the first iteration. Subsequent iterations will be per-
formed using the IGLS procedure. The convergence criterion is 10~*
and the maximum number of iterations 20, indicating that the it-
erative procedure will terminate according to these two criteria. If
convergence is not reached after 20 iterations, the procedure will be
terminated. In this case, lack of convergence will be noted in the
default output file. Otherwise, the procedure will stop when con-
vergence according to the specified criterion occurs before the max-
imum number of iterations. All additional output files as described
under the OUTPUT keyword above will be created on the hard disk.
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IDn

Required command

The ID commands are used to indicate the variable(s) identifying the units
on the different levels of the hierarchy.

If the model specified by the user is a level-2 model, the commands ID1
and ID2 are required. Likewise, if a level-3 model is to be considered, the
ID1, ID2, and ID3 commands are required in the input file. The exceptions
to this rule are in the case of a multivariate model and in the case of a
model with no random component on level 1 of the model, where the ID1
command may be omitted.

Variables listed in the ID commands must be included in the PRELIS system
file (*.PSF file). The spelling and case in which they are given need to
correspond to that given in the PSF file. The syntax of this command is:

IDn: = [variable name identifiying level-n. units] ;

Examples of IDn commands

(a) If the raw data file contains information on the test scores, age, and
gender of pupils belonging to classes within schools, and the vari-
ables school, class, pupil, age, gender, and result are contained in
the PSF file, the following ID commands may be used to identify the
levels of the hierarchical structure:

ID3=school ;
ID2=class ;
ID1=pupil;

(b) If the variables iden1, iden2, iden3, Y1, Y2, and X1 to X4 are in the PSF
file, IDEN1 to IDEN3 may be used as shown below to identify the levels
of the hierarchy.

ID3=iden3;
ID2=iden2;
ID1=iden1;
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RANDOMnN

Required command
One random command of the form
RANDOMM. = [list of variable names] ;

is allowed for each level of the hierarchy. The RANDOM command is used to
identify those coefficients that are allowed to vary randomly over a given
level of the hierarchy.

Variables listed here must be included in the PSF file. The spelling and
case in which they are given need to correspond to that given in the file.

Example of RANDOM commands
RANDOMS3= X1:X4 ;

RANDOM2 = X2 X1;

RANDOM1 = X3;

From this hypothetical example, it can be seen that:

1. The random variables may be listed in any order.

2. Any or all of the possible predictors may be used at any level of the
model.

As in the case of the ID commands, the RANDOM1 command may be omit-
ted in the case of a multivariate model or if a model with no random com-
ponent on level 1 of the hierarchy is to be fitted. Thus, in the case of a
multivariate model, the following set of commands may be used:

ID3=iden3;
ID2=iden2;
RANDOM3= X1:X4 ;
RANDOM2= X3:X4 ;

It is possible to place constraints on elements of the random coefficient
covariance matrices. Information on the constraints permitted and on
the provision of initial values for elements of these matrices will be dis-
cussed when the COVnPAT and COVnVAL commands, which are optional,
are considered.
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RESPONSE

Required command
The RESPONSE command is of the form:
RESPONSE = [response variable(s)] ;

This command contains information on the response variable(s) to be used
in the analysis.

In the case of a multivariate model, more than one response variable may
be listed in the RESPONSE command. Spelling, etc., of the names of the
response variables must once again be the same as that used in the PSF
file and may be entered in any order.

Example of RESPONSE commands

(a) If the hypothetical example discussed previously is to be analyzed as
a general level-3 model with Y1 as response variable, the relevant
RESPONSE command will be:

RESPONSE = Y1;

(b) If, however, the same data is to be analyzed with a multivariate model
with both Y1 and Y2 as response variables, the relevant RESPONSE
command is either

RESPONSE = Y1 Y2;
or
RESPONSE = Y2 Y1 ;

FIXED

Required command

The FIXED command is used to identify the fixed effects for the model to
be analyzed.

The syntax is:

FIXED = [list of variables names to be included as fixed effects] ;
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The fixed effects may be all of the predictor variables contained in the
raw data file or any subset of these predictors and may be specified in any
order. Spelling of the names, however, must correspond to the spelling
used in the PSF file.

If a covariate is included in the analysis, this should be reflected in the
FIXED command. The format in which the covariate should be entered is:

FIXED = [var1] [...] [varn] [covariate*var1] [. . .] [covariate*varn];

Note that the covariate can be used in combination with any of the pre-
dictors listed in the FIXED command.

Examples of FIXED commands

(a) For the educational example, any one of the following FIXED com-
mands is permissible:

FIXED = AGE ;
FIXED = GENDER ;
FIXED = GENDER AGE ;

(b) For the second of our previous examples, any of the following FIXED
commands may be used:

FIXED X1:X2 ;
FIXED X1 X4 X3 X2 ;
or any other similar command.

(c) If the variable X3 is to be included as covariate in the first command
in (b), the appropriate FIXED command is:
FIXED X1 X2 X3*X1 X3*X2;

Initial estimates for the fixed effects may be provided by the user. This is
done through use of the optional FIXVAL command (discussed on p. 55).

COVnPAT

Optional command
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The COVnPAT commands are used to place constraints on the covariance
matrices of random coefficients on the different levels of the model.

The syntax for a COVnPAT command is:
COVnPAT= [options] ;

One COVnPAT command is allowed for each level of the hierarchy. If, for
instance, a level-3 model with random components on all three levels of
the hierarchy is to be fitted, up to three COVnPAT commands may be in-
cluded in the input file.

Options that may be used with this command are:
COVnPAT = DIAG;

In this case the covariance matrix of random parameters on level n of the
model will be constrained to be a diagonal matrix of the form

¢(n)11 0 .. 0
0 ¢(n)22 . 0
B, = : o :
0 0 or Dy

where p is the number of random coefficients on level n of the hierarchy.

COVnPAT = TOEPLITZ;

The covariance matrix on level n will, in this case, be constrained to be of
the form of a so-called Toeplitz matrix, i.e.

70 " Y2 e Op—1

gi! Yo Y- Tp-2

<I>(n) = Y2 g Yoo .- Tp-3
Yp—1 TVp—-2 Vp-3 --- “Yo

This option may also be invoked by using only the first four letters of the
required structure, i.e., TOEP.
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COVnPAT = INTRA;

When the INTRA option is used, the covariance matrix of random parame-
ters on level n is constrained to have an intra-class structure, i.e.

a BB ... B
g o B ...
‘I)(n): g B o ... B
BB A ...«

This command may also be used with the abbreviation INTR as option.

COVnPAT = MA1;

In order to constrain the covariance matrix on level n to be similar to that
of a time series process of order MA1, the MA1 option may be used. The
form of the covariance matrix will then be

v B0 0
By B 0
& |0 8 ~ 0
(n) « . .
000 ...~

COVnPAT = LOGIT;

In the case of categorical data analysis it may be necessary to constrain
the elements of the covariance matrix on level n to be of the following

form
Uy, 0 ... 0
0 Wy ... 0
e
0 0 ... Wy

where, for example in the case of 4 response categories, the submatrix ¥;;
is of the form
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1 1 1 1
i1 T4 T4 T4
. 1 1 1 1
Wi = Ti4 Ti2 + Ti4 Ti4 ?
1 1 1 1
T4 T4 i3 T4

For each subpopulation ¢, 7;; denotes the probability of the j-th response
() = 1,2,3,4) occurring. The subpopulations are defined using the op-
tional SUBPOP command.

COVNPAT = [as specified by user] ;

If it is deemed necessary to constrain the elements of the covariance ma-
trix to be of a form other than those discussed above, the user may specify
this required structure through use of the COVnPAT command. This can
be done by entering a lower-triangular matrix with the required structure,
using the COVnPAT command. If, for example, the covariance matrix for
the RANDOM~n command

RANDOM”n = X1 X2 X3 X4 ;

is to be constrained, this can be done by keeping in mind that the lower
triangular elements of the covariance matrix are numbered row-wise as
shown below.

The elements to be fixed are then replaced with ‘0.” If, for example, the
matrix is constrained to be diagonal, the command to be used is:

COVNPAT = 1
0
0 0 6
0
The structure as specified indicates that there are four parameters to be

estimated (i.e., numbers 1, 3, 6, and 10, corresponding to the variances)
and five fixed parameters (corresponding to the covariances), indicated
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with 0. The values to which the fixed parameters are to be set equal to
can be supplied using the COVnVAL command . If the COVnRVAL command
is omitted, the fixed parameters will be constrained to be equal to zero, as
the initial structure of all covariance matrices are assumed to be diagonal
at the start of the iterative procedure.

In the case of an MA1 process, for example, the command will be:

COVnPAT =

S O N
(2]

From this structure, it follows that there are only two parameters to be
estimated (numbers 1 and 2) while all other parameters are constrained to
be equal to zero, unless otherwise specified using the COVnVAL command.

It is permissible to constrain diagonal elements of the level-n covariance
matrix to be equal to 0 through the use of the COVnVAL command.

The following commands, for example, are permissible

COVNPAT = 1
2 0
3 2 0
00 2 0;
COVNPAT = 0
2 0
3 2 0
00 2 0;

Note that zero values indicate that the corresponding elements remain
fixed at the values specified in the COVnRVAL commands.

In conclusion, the user should note that:

(a) No line of input may exceed 80 characters. Thus, if a large COVnPAT
matrix is entered, care should be taken that no row of this matrix
exceeds this limit. If a row of the matrix is too long, it may simply
be continued on the next line of the input file.
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(b) If elements of the covariance matrix to be estimated are constrained
to be equal in value, the number assigned to those elements must be
the same.

(c) Aswith all other commands in the input file, the command should end
with a semi-colon that may be placed directly after the last element
of the matrix as specified or on the next line of the input file.

(d) The matrix specified by the user must have the same number of el-
ements as implied by the RANDOM»n command. That is, if there
are p variables listed in the RANDOM»n command, a total number
of % p(p + 1) elements must be entered by the user.

(e) In order to assign initial values to elements of the covariance matrix
at level n or to set fixed elements of the matrix to user specified
values, the COVnPAT command should be used in conjunction with
the COVnVAL command.

COVnVAL

Optional command

COVnVAL commands may be used to provide either initial values for ele-
ments of the covariance matrix on level n of the model or to provide values
for elements fixed through the use of options of the COVnPAT command.

The syntax of these commands is:
COVNVAL = [as specified by user] ;

One COVnVAL command is allowed for each level of the hierarchy. If, for
instance, a level-3 model with random coefficients on all three levels of the
hierarchy is to be fitted, up to three COVnVAL commands may be included
in the input file.

The values to be used for the elements of the covariance matrix must be
entered in the form of a lower-triangular matrix. The number of values
entered must be the same as the number of elements implied by the rele-
vant RANDOMn command. If there are p variables listed in the RANDOMn
command, % p(p+1) values must be entered by the user. If a large number
of values are entered, a row of the lower-triangular matrix may be contin-
ued on the next line of the input file if the number of characters in that
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row of the matrix exceeds 80 characters. The command must end with a
semicolon, which may be entered on the last line of the values given or on
the next line of the input file.

Examples of COVnVAL commands

(a) Continuing with the example used to illustrate the use of the COVnPAT
command to obtain a user specified covariance structure, the follow-
ing command illustrates how the user may provide values for the
elements of the covariance matrix (n).

COVNVAL = 1.00
0.32 0.85
0.63 0.62 0.78
0.19 0.00 0.25 0.99;

If an accompanying COVnPAT command is not used, these values will
function as starting values for the level-n covariance matrix. When
good starting values for the elements of this covariance matrix are
known, the use of the command as shown above together with the
use of the option OLS=NONE on the OPTIONS command will likely
decrease the number of iterations required to obtain convergence.

(b) When the command
COVNPAT = DIAG;

is used together with the command given in (a), the values spec-
ified on the diagonal of the lower-triangular matrix in (a) will be
used as initial values for these parameters which are to be estimated.
The off-diagonal elements of the covariance matrix will then be con-
strained to be equal to the values of off-diagonal elements of the
matrix in (a).

FIXVAL

Optional command

It is also possible to provide initial values for the fixed parameters in the
model to be analyzed. This may be achieved through the use of the FIX-
VAL command, which allows the user to provide starting values for these
parameters. The syntax of this command is:
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FIXVAL = [as specified by user] ;

The number of values entered by the user using this command must be
equal to the number of fixed parameters to be estimated. There is no
specific format in which the values have to be entered. The following three
input styles

FIXVAL = 0.151 0.355 0.654;
FIXVAL = 0.151
0.355
0.654;
and
FIXVAL = 0.151
0.355
0.654

are all permissible. If the first of these commands is used and the number
of characters in the user specified string exceeds 80 characters, the next
line of the input file should be used.

The use of the FIXVAL command and the OLS=NONE option of the OPTIONS
command may be particularly effective when good starting values of these
parameters are available.

CONTRAST

Optional command

The CONTRAST command is used to specify the path to an optional ad-
ditional input file containing information on any contrast(s) between the
fixed effects in the model to be tested. The syntax of this command is
similar to that of the PRELIS DA command in that the contrast file may be
located in another directory or even subdirectory. Thus, both

CONTRAST = MLEVEL.CTR ;
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and

CONTRAST= C:\MLEVEL\EXAMPLES\MLEVEL.CTR ;

are valid examples of the CONTRAST command. Information contained in
the contrast file must adhere to certain specifications, as illustrated with
the following examples.

Examples

Suppose that there are six fixed effects in a particular model: INTERCEPT,
GENDER, MATHS, READING, SCIENCE, and WRITING.

If, for example, we wish to test

Hoy:  Breabineg — Awriming = 0
BmatHs — Pscience = 0,

we can test this by specifying

Ho: CBzO,
where
0 0 01 0 —1
C=loo10 -1 o0
and
5l: [ 6INTERCEPT 6GENDER 6MATHS 6READING 6SCIENCE 6WRITING]

Note that each row of C has six elements, corresponding to the six fixed
effects. Since the fourth element in the first row equals 1, this denotes
ﬂREAD”\jG while the sixth element denotes 6WRITING-

The contrast file will have the following form
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The first row indicates the number of contrasts and the second and third
rows the actual contrasts to be tested.

If the contrast file is specified as

S B O

two separate contrast tests are performed as opposed to a simultaneous
test for two contrasts.

MISSING_DAT

Optional command

There are two optional commands, which may be used when missing data
is present in the raw data file. These commands are the MISSING DAT and
MISSING_DEP commands.

The MISSING_DAT command allows the user to specify an integer value,
which will represent a missing value on any of the variables used in the
analysis. The syntax of this command is

MISSING_DAT = [integer value] ;

Any positive or negative integer may be used. Only one value is allowed
in this command. All records with data values equal to the code specified
in this command will subsequently be removed from the analysis.

Examples of MISSING_DAT commands
Valid examples of the use of this command includes the following:

MISSING_DAT
MISSING_DAT
MISSING_DAT

99 ;
-998 ;
0 ;

Note that this command may also be used in conjunction with the MISS-
ING_DEP command.
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MISSING_DEP

Optional command

The MISSING_DEP command may be used to specify a code assigned to
missing values on the response variables only. The syntax of this com-
mand is

MISSING_DEP = [integer value] ;

The same rules for values, which may be used with the MISSING_DAT com-
mand, applies to the MISSING_DEP command. The consequence of using
the MISSING DEP command is that only records with response variable val-
ues equal to the code assigned through the MISSING DEP command will be
removed from the analysis.

The MISSING_DEP command is recommended for use in the case of mul-
tivariate analysis. If only one of the response variables to be used in
the multivariate analysis has a missing response, only that particular re-
sponse will be considered missing while the remaining responses will still
be used.

Example of a MISSING DEP command

Consider the observations

| Response variables | Predictor variables |

40 53 1.7 99 |1 10 145 999 |
32 44 99 77 |3 12 137 532

and the command

MISSING_DEP=99 ;

If the code 99 is identified as the code for missing data values on the depen-
dent variables, this will imply that the analysis of this record will use the
first three response values and disregard the fourth one in the case of the
first observation. The third response variable will, however, be removed
where the second observation is concerned.
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If the code 999 is specified as the code for missing data values on all the
variables included in the analysis, however, the whole first record as given
above will be deleted from the data set to be analyzed. The second obser-
vation will be retained with the exception of the third response variable
value.

This is accomplished by using both the MISSING DEP and MISSING_DAT
commands:

MISSING_DEP
MISSING_DAT

99 ;
999;

Note that if only the MISSING_DEP command is used for the two observa-
tions given above, the value of 999 for the last predictor variable on the
first observation will be considered valid data and will be used as such in
the analysis.

SUBPOP

Optional command

When categorical data are to be analyzed, subpopulations may be created
through use of the SUBPOP command.

The syntax of this command is:
SUBPOP = [names of variables used to create subpopulations] ;

Use of, for example, two variables with two response categories each will
lead to the creation of four subpopulations, i.e., a two-way table for these
two variables. Counts of responses to a particular question for these sub-
populations may then be used as the response variable in a categorical
data analysis.

Example of a SUBPOP command

Consider the two variables GENDER and AGE. If GENDER has two possible
outcomes, for example, 1 = Male and 2 = Female and AGE has three out-
comes, for example, 1 = less than 20 years old, 2 = 21-40 years old, and 3 =
41+ years old, the use of the SUBPOP command
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SUBPOP = GENDER AGE;

will induce the creation of six subpopulations for the combination (GEN-
DER;AGE), namely:

(GENDER=1:AGE=1) (GENDER=1;AGE=2) (GENDER=1;AGE=3)
(GENDER=2:AGE=1) (GENDER=2,AGE=2) (GENDER=2;AGE=3)

TITLE

Optional command

The TITLE command allows the user to provide a description of the anal-
ysis to be performed. This command, like all commands excluding the
OPTIONS command, can be placed anywhere in the input file. The maxi-
mum permissible length of this command is 70 characters. The syntax of
this command is

TITLE = [title as provided by the user] ;

2.4 Multilevel Output Files

In this section, the list output and the optional additional output files are
discussed.

Each successful analysis generates list output that is displayed on the
screen for review and saved to a file with the extension OUT. The follow-
ing is a reference overview of the different output sections that a multi-
level analysis may generate. It uses a default output file from one of the
examples (Analysis of 2-level repeated measures data, starting on p. 69),
annotated with brief descriptions of the various parts.

There are three optional output files that may be saved by the program
after each analysis. They are discussed in the sections Empirical Bayes
estimates: the output files *. BA2 and *.BAS3 (see p. 67), and Residuals: the
output file *. RES (see p. 68).

The data set used contains repeated measurements on 82 striped mice
and was obtained from the Department of Zoology at the University of
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Pretoria, South Africa (see du Toit, 1979). A number of male and female
mice were released in an outdoor enclosure with nest boxes and sufficient
food and water. They were allowed to multiply freely. Occurrence of birth
was recorded daily and newborn mice were weighed weekly, from the end
of the second week after birth until physical maturity was reached. The
data set consists of the weights of 42 male and 40 female mice. For male
mice, 9 repeated weight measurements are available and for the female
mice 8 repeated measurements. For a detailed analysis of this data, please
see the example Analysis of 2-level repeated measures data, starting on
p- 69.

The annotated output file for a level-2 analysis follows.

Analysis requested

The first section of the output file contains an echo of the input file used
for analysis. It is concluded with a message indicating that no problems
occurred during the processing of the input file. If an error had occurred,
for instance if the OPTIONS command was missing or one of the keywords
was misspelled, an appropriate error message will be displayed here.

The following lines were read from file K:\LISRELS3\MLEVELEX\MOUSE4.PR2

OPTIONS OLS=YES CONVERGE=0.001000 MAXITER=10 OUTPUT=ALL ;
TITLE=Mouse data: variance decomposition;

5Y=K: \LISREL$3 \MLEVELEX \MOUSE . PSF;

ID1=idenl;

ID2=iden2;

RESPONSE=weight;

FIXED=constant time timesq;

RANDOM1=constant;

RANDOM2=constant time timesq;

NO ERROR DIAGNOSTICS GENERATED AT MODEL SPECIFICATIONS STAGE

+ 4

| DATE : 01/16/1999 |

4 4
t t
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Data summary

63

The data summary section contains information on the number of units
at different levels of the hierarchy. From the data summary given here,
it can be concluded that there were eight or nine separate measurements
for each level-2 unit, the level-2 units being the 82 mice.

NUMBER OF LEVEL 2 UNITS :
NUMBER OF LEVEL 1 UNITS :

N2
N1

N2
N1

N2
N1

N2
N1

N2
N1

N2
N1

N2
N1

N2
N1

N2
N1

N2
N1

N2
N1

82
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Fixed part of model

Estimates of the elements of the fixed coefficient vector at each iteration
are given here. The standard errors, z-values, and probabilities of exceed-
ing those limits are also reported.

Note that, before convergence is attained, the standard errors, z-values,
and probabilities of exceeding are only an indication of the relevant values
at convergence. In this case, all the fixed effects are statistically signifi-
cant.

Mouse data: variance decomposition

ITERATION NUMBER 5

+—- +

| FIXED PART OF MODEL |

+—- +
COEFFICIENTS BETA-HAT STD.ERR. %-VALUE PR > |37l
constant 4.16213 0.45748 9.09788 0.00000
time 6.90560 0.30980 22.29056 0.00000
timesq -0.29629 0.02960 -10.01009 0.00000

Log-likelihood value

The log-likelihood value reported here is the value of —2InL (likelihood
function) evaluated at the parameter values during the relevant iteration.
Comparison of these values over iterations gives an indication of how sta-
ble the iterative procedure is. For a model that provides a good description
of the data, this statistic should decrease from one iteration to the next.

It may also be used to evaluate the goodness of fit of different models for
the same data. The difference between the —2InL values for models based
on the same data has a chi-square distribution. The degrees of freedom
equal the difference in the number of parameters estimated in these mod-
els.
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$—
| -2 LOG-LIKELIHOOD
$—

+ —+

-2 LOG-LIKELIHOOD = 3400.93248789791

Random part of model

This section contains a list of estimates of all the free elements of the co-
variance matrices of the random parameters at the different levels of the
hierarchy. The standard errors, z-values, and the probabilities of exceed-
ing those limits are also given. Note that, before convergence is attained,
the standard errors, z-values, and probabilities of exceeding are only an
indication of the relevant values at convergence.

The coefficient CONSTANT, denoting the intercept term, has the largest
variation over the level-2 units. From the output it is seen that all vari-
ances and covariances are significant.

$—
| RANDOM PART OF MODEL
$—

+ —+

LEVEL 2 TAU-HAT STD.ERR. Z-VALUE PR > |2
constant/constant 11.72906 2.70296 4.33933 0.00001
time /constant -5.86552 1.58228 -3.70699 0.00021
time /time 6.59372 1.23130 5.35509 0.00000
timesq /constant 0.38927 0.14067 2.76733 0.00565
timesq /time -0.55909 0.11275 -4.95880 0.00000
timesq /timesg 0.05814 0.01124 5.17424 0.00000
LEVEL 1 TAU-HAT STD.ERR. Z-VALUE PR > |2
constant/constant 3.07863 0.20465 15.04328 0.00000

Random coefficient covariance and correlation matrices

In this section, the covariance and correlation matrices of the random
parameters in the model are given. These matrices include the elements
that may have been considered fixed during the iterative procedure.
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In certain situations, there may be differences between elements listed in
the section of random parameter matrices and those given here. This will
be the case if a covariance matrix was not positive definite. The matrix
reported will be adjusted to be positive definite. This is accomplished by
replacing the negative eigenvalues with a small positive number by the
corresponding covariance matrix. If there are large differences between
the elements reported in these two sections, this may indicate a misspec-
ification of the model or the selection of an inappropriate covariance pat-
tern.

Problems of this nature will also be reflected in the correlation matrix
for the same level of the model as correlations close to either 1 or —1 in
value. For this reason, the correlation matrices are provided as part of the
output.

LEVEL 2 COVARIANCE MATRIX

constant time timesg
constant 11.72906
time -5.86552 6.59372
timesq 0.38927 -0.55909 0.05814

LEVEL 2 CORRELATION MATRIX

constant time timesg
constant 1.0000
time -0.6670 1.0000
timesq 0.4714 -0.9030 1.0000

LEVEL 1 COVARIANCE MATRIX

constant

constant 3.07863

LEVEL 1 CORRELATION MATRIX

constant

constant 1.0000
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Technical details

This section is the last part of the output and gives the number of it-
erations performed as well as the total CPU time used for the iterative
procedure.

CONVERGENCE REACHED IN 5 ITERATIONS

4 4
t t

| CPU TIME (SECONDS) : 0.37 |

4 4
t t

+ +

| END OF ANALYSIS |

1. +
t t

Empirical Bayes estimates: the output files *.BA2 and *.BA3
The model fitted in this example was a level-2 model. A description of the
data and model are given on page 61.

For a two level model no *.BA3 file is created. The structure of a BA3 file
for a 3-level model is similar to that of the file MOUSE4.BA2.

The contents of the output file MOUSE4.BA2 for mice 7 and 8 are as follows:

7 1 1.5979 3.3066 constant
7 2 -1.0797 0.73621 time

7 3 0.25660 0.73356E-02 timesqg

8 1 -1.7937 3.3066 constant
8 2 3.2809 0.73621 time

8 3 -0.22528 0.73356E-02 timesqg

The first column of the output file MOUSE4.BA2 indicates the level-2 unit,
in this case a specific mouse. There are three fixed effects in the model
fitted to the data and this is reflected in the second column which gives
the number of the fixed effect for each mouse.

The third column contains the deviations of the empirical Bayes estimates
from the estimated population parameters. For mouse 7, it follows from
the results for the fixed part of the model in the default output file that
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B'=[416213 6.90560 —0.29629

The deviations from these parameters for mouse 7, for example, are
1.5979, —1.0797, and 0.25660, respectively. Hence, the empirical Bayes
estimates of the vector of fixed parameters for mouse 7 is given by

4.16213 4 1.5979 = 5.76003
6.90560 — 1.0797 = 5.8259
—0.29629 4 0.25660 = —0.03969

The fourth column of the MOUSE4.BAZ2 file gives the variances of the em-
pirical Bayes estimates while the last column contains the name of the
relevant fixed effect.

Residuals: the output file *.RES

This file contains one line of information for each of the observations from
the raw data file that was used in the analysis. The first 4 lines of this file
for the mouse data analysis are:

1 1 1 15.000 10.771 4.2286
2 1 2 17.000 16.788 0.21183
3 1 3 23.000 22.212 0.78768
4 1 4 24.000 27.044 -3.0439

The first three columns of this file consist of information identifying the
observations. In the first column, the residuals are numbered sequen-
tially, in the second column the level-2 ID number identifying the 82 mice
and in the third column the time points at which measurements were
made (i.e., the level-1 ID number) are given.

The fourth column contains the observed values of the response variables

for each observation and thus represents the vector y. This is followed
by the expected values which represent the vector X ( f ) * 3. Finally, the

residuals are given, which are calculated as y — X ( f ) * B , being the differ-
ence between the observed and estimated values of the response variable.
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2.5 Multilevel Examples

2.5.1

This section presents four examples using multilevel analysis. An analysis
of 2-level repeated measures data (see p. 69), a multivariate analysis of
educational data (see p. 102), an analysis of air traffic control data (see
p.- 91), and an analysis of CPC Survey data (see p. 114). For a brief review
of the various parts of the default output for multilevel analysis, see p. 61.

Analysis of 2-level repeated measures data

This example illustrates how multilevel modeling may be used to recog-
nize explicitly the hierarchical structure of repeated measurement data.

Five models will be fitted and discussed:

0 A variance decomposition model

0 Modeling linear growth

0 Modeling non-linear growth

0 Introducing a covariate when modeling non-linear growth
0 A model with complex variation at level 1 of the hierarchy

Description of the data

The data set used contains repeated measurements on 82 striped mice
and was obtained from the Department of Zoology at the University of
Pretoria, South Africa (see du Toit, 1979). A number of male and female
mice were released in an outdoor enclosure with nest boxes and sufficient
food and water. They were allowed to multiply freely. Occurrence of birth
was recorded daily and newborn mice were weighed weekly, from the end
of the second week after birth until physical maturity was reached. The
data set consists of the weights of 42 male and 40 female mice. For male
mice, 9 repeated weight measurements are available and for the female
mice 8 repeated measurements.

The first 11 observations from this data set, contained in MOUSE.PSF, and
the variable names to be used are shown below.
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IDEN1 IDEN2 WEIGHT CONSTANT TIME TIMESQ GENDER
1.00 1.00 15.00 1.00 1.00 1.00 1.00
1.00 2.00 17.00 1.00 2.00 4.00 1.00
1.00 3.00 23.00 1.00 3.00 9.00 1.00
1.00 4.00 24.00 1.00 4.00 16.00 1.00
1.00 5.00 26.00 1.00 5.00 25.00 1.00
1.00 6.00 31.00 1.00 6.00 36.00 1.00
1.00 7.00 37.00 1.00 7.00 49.00 1.00
1.00 8.00 42.00 1.00 8.00 64.00 1.00
1.00 9.00 46.00 1.00 9.00 81.00 1.00
2.00 1.00 11.00 1.00 1.00 1.00 1.00
2.00 2.00 14.00 1.00 2.00 4.00 1.00

The response variable WEIGHT contains the weight measurements (in
grams) for all mice at the different times of measurement. The explana-
tory variables which may be used are the time points at which measure-
ments were made (TIME), the squared values of these time points (TIMESQ),
and the gender of the mice (GENDER). It is also assumed that the growth of
the mice during this period can be adequately described with a parabolic
function.

A hierarchical level-2 structure is incorporated where the individual mice
are the level-2 units. Unique numbers identifying the mice are contained
in the variable IDEN2, which will be used as the level-2 ID for the analysis.
The variable IDEN1 identifies the occasions on which measurements for
a particular mouse were made and will be used as the level-1 ID. From
the description of the data set as given above, it follows that there are 82
level-2 units, with either 8 or 9 measurements nested within each level-2
unit.

The variable CONSTANT consists of a column of 1s and will be used to
estimate the intercept term in the model. It may also be used to estimate
the amount in which the intercept varies over the different levels of the
hierarchy, as illustrated in the following section.

Variance decomposition

The simplest multilevel model is equivalent to a one-way ANOVA with ran-
dom effects. Although this model is not interesting in itself, it is useful as
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a preliminary step in a multilevel analysis as it provides important infor-
mation about the outcome variability at each of the levels of the hierarchy.
It may also function as a baseline with which more sophisticated models
may be compared.

Let the subscript : denotes the ¢-th level-2 unit, in this case the :-th mouse.
The subscript j refers to the j-th weight measurement for the :-th mouse.
Using this notation, the one-way ANOVA model can be written as:

%jZZCONSTANTgﬂo%-CONSTANTUUU—FCONSTANTUGU

where u;; denotes the random component on level 2 of the model. It is
assumed that u;; has an expected value of 0 and a variance of ® ;). The
variance @ (,) may be interpreted as the ‘between-group’ variability. Like-
wise, it is assumed that ¢;; is N(0, ®(y)) distributed. Thus ® ;) may be
interpreted as the ‘within-group’ variability.

This model is also known as a fully unconditional model (Bryk & Rauden-
bush, 1992), as no predictors are specified at either level of the hierarchy.

Leave all the options default, or simply cut and paste them from another
input file. Type a title command for this analysis. In this example we use
Mouse data: Variance decomposition. Next, specify the location of the PSF
file.

Select the variable IDEN2 as the level-2 identification variable and IDEN1 as
the level-1 identification variable. Select the variable WEIGHT as response
variable and the variable CONSTANT as fixed variable.

This variable CONSTANT, representing the intercept term, is then also
specified as the level-1 and level-2 random variable.

The complete syntax file MOUSE1.PR2 should look like this:

OPTIONS OLS=YES CONVERGE=0.001000 MAXITER=10 OUTPUT=STANDARD ;
TITLE=Mouse data: Variance decomposition;

SY=K: \LISREL83\MLEVELEX \MOUSE .PSF;

ID1=idenl;

ID2=iden2;
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RESPONSE=weight;
FIXED=constant;
RANDOM1=constant;
RANDOM2=constant;

With the exception of the use of the optional TITLE command, this input
file is the most basic one which can be used for the analysis of a level-
2 model. Note that in the OPTIONS command the default values of the
options MAXITER, CONVERGE, and OUTPUT are used (see the section on
syntax on p. 41 for more detailed information).

Run PRELIS with this input file. Convergence is achieved after 3 iterations,
and the details of the last iteration, as given in the output file, are given
below.

N +
| DATA sumMMARY |
N +
NUMBER OF LEVEL 2 UNITS : 82
NUMBER OF LEVEL 1 UNITS : 698
N2 i 1 2 3 4 5 6 7 8
Nl 9 9 9 9 9 9 9 9
N2 i 9 10 11 12 13 14 15 16
Nl 9 9 9 9 9 9 9
N2 i 17 18 19 20 21 22 23 24
N1
N2 i 25 26 27 28 29 30 31 32
N1 9
N2 i 33 34 35 36 37 38 39 40
Nl 9 9 9
N2 i 41 42 43 44 45 46 47 48
Nl 9 9 8 8 8
N2 i 49 50 51 52 53 54 55 56
N1
N2 i 57 58 59 60 61 62 63 64
Nl 8 8 8 8 8 8
N2 i 65 66 67 68 69 70 71 72

N1
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N2 i 73 74 75 76 77 78 79 80
Nl 8 8 8
N2 i 81 82
N1 8
ITERATION NUMBER 3
+-- +
| FIXED PART OF MODEL |
+-- +
COEFFICIENTS BETA-HAT STD.ERR. %-VALUE PR > |37l
constant 28.63410 0.57021 50.21634 0.00000
+-- +
| -2 LoG-LIKELIHOOD |
+-- +
-2 LOG-LIKELIHOOD = 5425.49001592990
+-- +
| RANDOM PART OF MODEL |
+-- +
LEVEL 2 TAU-HAT STD.ERR. %-VALUE PR > |z|
constant/constant 11.32910 4.,25185 2.66451 0.00771
LEVEL 1 TAU-HAT STD.ERR. %-VALUE PR > |z|
constant/constant 130.32083 7.42514 17.55130 0.00000
LEVEL 2 COVARIANCE MATRIX
constant
constant 11.32910

LEVEL 2 CORRELATION MATRIX

73



74

2MULTILEVEL MODELING

constant

constant 1.0000

LEVEL 1 COVARIANCE MATRIX
constant

constant 130.32083

LEVEL 1 CORRELATION MATRIX
constant

constant 1.0000

In the first part of the abbreviated output file shown here, the data sum-
mary for the hierarchical structure is given. The first 42 level-2 units are
the male mice and the last 40 the female mice.

Fom the random part of the output it can be seen that the variation over
measurements (level 1) is large and overwhelms the variation between the
mice (level 2). The so-called intraclass correlation can be calculated as:

bo 11.32910

- = = 0.0799
Q)+ Q1) 11.32910 + 130.32083

indicating that about 8 percent of the variance in weight measurements
is between mice. The value of —2InL (likelihood function) at convergence
is 5425.4900.

Modeling linear growth

The variance decomposition model may now be extended by including the
variable TIME as a fixed effect in the model. The model thus becomes

Yij = CONSTANTijﬂO + T||V|Eij51 + CONSTANT; ju;; + CONSTANT; ¢,
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with the variable AGE used as predictor of the response measurements.

The only change to the input file MOUSE2.PR2 is in the FIXED command,
which now becomes:

FIXED=CONSTANT TIME;

The details of the last iteration for this model are:

ITERATION NUMBER 3

+-- +

| FIXED PART OF MODEL |

+-- +
COEFFICIENTS BETA-HAT STD.ERR. %-VALUE PR > |zl
constant 9.09586 0.60387 15.06258 0.00000
time 4.09218 0.06258 65.39108 0.00000

+-- +

| -2 LoG-LIKELIHOOD |

+-- +
-2 LOG-LIKELIHOOD = 4137.57876020825

+-- +

| RANDOM PART OF MODEL |

+-- +
LEVEL 2 TAU-HAT STD.ERR. %-VALUE PR > |z|
constant/constant 20.69397 3.53655 5.85146 0.00000
LEVEL 1 TAU-HAT STD.ERR. %-VALUE PR > |z|
constant/constant 16.46288 0.93806 17.54996 0.00000

LEVEL 2 COVARIANCE MATRIX

constant
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constant 20.69397

LEVEL 2 CORRELATION MATRIX

constant

constant 1.0000

LEVEL 1 COVARIANCE MATRIX

constant

constant 16.46288

LEVEL 1 CORRELATION MATRIX

constant

constant 1.0000

[

[

Both the fixed effects are highly significant, indicating significant
variation in the intercepts and effect of time of measurement on the
response variable over the different mice. An expected increase of
4.0922 weight measurement units is expected for each unit increase
in TIME, that is a weekly interval between measurements.

The log-likelihood value for this model is 4137.5788, compared to the
value of 5425.4900 for the fully unconditional model. This reduction
in the log-likelihood value indicates considerable variation between
mice in their linear growth rates and also that the model fitted here
explains more of the variation in the data than the previous one.
The random variation on level 2 of the model is higher and that on
level-1 lower than in the fully unconditional model. The amount of
variation in weight between schools is now calculated as

Q2 20.69379
by + by  20.69379 4 16.46288

= 0.5569 ,

that is 56 percent.

From the reduction in the level-1 variance component it can be seen
that the variable TIME accounts for a considerable part of the vari-
ance previously noted on this level.
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It is expected that the linear growth rate may vary from mouse to mouse
around its mean value, rather than be fixed. The random component on
level 2 of the hierarchy is thus extended to (MOUSES3.PR2):

RANDOM2 = CONSTANT TIME ;

After running PRELIS on this input file to fit the model to the data, we find
the output for this model (here abbreviated) in the MOUSE3.OUT file:

ITERATION NUMBER 4

+-- +

| FIXED PART OF MODEL |

+-- +
COEFFICIENTS BETA-HAT STD.ERR. %-VALUE PR > |zl
constant 9.20384 0.46702 19.70746 0.00000
time 4.05978 0.12358 32.85144 0.00000

+-- +

| -2 LoG-LIKELIHOOD |

+-- +
-2 LOG-LIKELIHOOD = 3873.66054782870

+-- +

| RANDOM PART OF MODEL |

+-- +
LEVEL 2 TAU-HAT STD.ERR. %-VALUE PR > |z|
constant/constant 12.85320 2.80949 4.57492 0.00000
time /constant -1.64430 0.59236 -2.77584  0.00551
time /time 1.07389 0.19582 5.48415  0.00000
LEVEL 1 TAU-HAT STD.ERR. %-VALUE PR > |z|
constant/constant 8.90088 0.54469 16.34126 0.00000

LEVEL 2 COVARIANCE MATRIX
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constant time
constant 12.85320
-1.64430 1.07389

LEVEL 2 CORRELATION MATRIX

constant time

constant 1.0000

-0.4426 1.0000

LEVEL 1 COVARIANCE MATRIX

constant

constant 8.90088

LEVEL 1 CORRELATION MATRIX

constant

constant 1.0000

0 Once again a considerable reduction in the value of the function

—2InL is noted. The estimates for the fixed effects in the model
stayed fairly constant. On level 2 of the model we see that all three
elements of the covariance matrix of random parameters @, are
significant at a 5% level. The correlation between the CONSTANT
term and the TIME term is given as 0.4426.

The level-1 or error variance is further reduced to 8.90088. It can
thus be concluded that the inclusion of the variable TIME signifi-
cantly reduced the variation between measurements, i.e., the level-1
units.

The total variation on a particular level of the hierarchy may also be
calculated. In this case, the total variance on level 2 is the variance
of the sum of the two random variables CONSTANT and TIME and may
be written as:

Var (CONSTANT;; + TIME;; ® (5y7ive,TimE )

= P ()consTanTconsTANT T 22 (2)TiME,consTanT( TIME;; )+
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+® (2ymive, Tive( TIME )

= 2.85320 4 2(—1.64430)(TIME;; ) + 1.07389(TIME; ;)?

We can thus write the total variation at level 2 as a quadratic func-
tion of the variable TIME. A graph of this total variance against the
nine time points is given in Figure 2.1.

0 The increase in variance over time is to be expected with data of
this nature. It could also be an indication that the assumption that
a parabolic function can adequately describe this phase in the devel-
opment of the mice may not be valid and that other functions should
be considered.

Figure 21  Between-mice variation as a function of the time points

Modeling non-linear growth

In data of this nature, it is unlikely that the increase in weight measure-
ment will be linear for all mice over the time period concerned. A non-
linear component may be introduced in the model discussed in the previ-
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ous section by adding a quadratic term (the variable TIMESQ) to the model.
The model previously given is thus extended to:

yi; = CONS TIME T|MESQijﬂ + CONS TIME TIMESQ; ju;; + CONS;;¢;;

The addition of the variable TIMESQ in this case leads to the following
changes in the FIXED and RANDOM2 commands contained in the input file.

FIXED = CONSTANT TIME TIMESQ ;
RANDOM2 = CONSTANT TIME TIMESQ ;

In order to obtain the empirical Bayes residuals for the level-2 models and
the fitted values for each observation, the option OUTPUT=BAYES is added
to the OPTIONS command.

The complete input file (MOUSE4.PR2) is now:

OPTIONS OLS=YES CONVERGE=0.001000 MAXITER=10 OUTPUT=ALL ;
TITLE=Mouse data: Modeling non-linear growth ;

SY=K: \LISREL83\MLEVELEX \MOUSE .PSF;

ID1=idenl;

ID2=iden2;

RESPONSE=weight;

FIXED=constant time timesq gender gender*time gender*timesq;
RANDOM1=constant;

RANDOM2=constant time timesq;

Convergence of the iterative procedure was reached in five iterations and
the following output obtained.

ITERATION NUMBER 5

+—- +

| FIXED PART OF MODEL |

+—- +
COEFFICIENTS BETA-HAT STD.ERR. %-VALUE PR > |37l
constant 4.16213 0.45748 9.09788 0.00000

time 6.90560 0.30980 22.29056 0.00000
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timesq -0.29629 0.02960 -10.01009 0.00000
+em +
| -2 LOG-LIKELIHOOD |
+-- +
-2 LOG-LIKELIHOOD = 3400.93248789791
+em +
| RANDOM PART OF MODEL |
+-- +
LEVEL 2 TAU-HAT STD.ERR. Z-VALUE PR > |Z|
constant/constant 11.72906 2.70296 4.33933 0.00001
time /constant -5.86552 1.58228 -3.70699 0.00021
time /time 6.59372 1.23130 5.35509 0.00000
timesq /constant 0.38927 0.14067 2.76733 0.00565
timesq /time -0.55909 0.11275 -4.95880 0.00000
timesq /timesq 0.05814 0.01124 5.17424 0.00000
LEVEL 1 TAU-HAT STD.ERR. Z-VALUE PR > |Z
constant/constant 3.07863 0.20465 15.04328 0.00000
LEVEL 2 COVARIANCE MATRIX
constant time timesg
constant 11.72906
time -5.86552 6.59372
timesq 0.38927 -0.55909 0.05814
LEVEL 2 CORRELATION MATRIX
constant time timesg
constant 1.0000
time -0.6670 1.0000
timesq 0.4714 -0.9030 1.0000

LEVEL 1 COVARIANCE MATRIX

constant

81
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constant 3.07863

LEVEL 1 CORRELATION MATRIX

constant

constant 1.0000

a

[

The fixed effects are all highly significant. There is an expected de-
crease of 0.2963 grams for every unit increase in the squared value
of the time points. On the other hand, there is an estimated increase
of 6.9056 grams with every increase of one week in time.

The expected value of the weights of the mice at time point number 2
may thus be calculated as

Expected WEIGHT,;, = 4.1621 + 2.00(6.9056) 4 4.00(0.2963)
= 16.7881 grams .

From the random part of the model it can be seen that all the esti-
mates of the random coefficients at level 2 of the model are signifi-
cant. This also holds for all the interaction terms at this level of the
model. The correlation between TIME and TIMESQ is rather high,
at —0.9030.

o Variation over measurements, on level 1 of the model, has been dras-

tically reduced through the inclusion of the variable TIMESQ in the
analysis. When comparing —2InL for this model with that obtained
for the linear growth model, a reduction of 473.7280 is noted, indi-
cating that the inclusion of the variable TIMESQ significantly im-
proved the fit of the model.

The empirical Bayes residuals and their variances for the first five
mice, as given in the file MOUSE4.BA2, is given in the table below.
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OO0~ PP OWOWONODNON=L = =
WN =2 WN=2LWN=WN-—=L WN =

5.9047

-3.6104

0.36730
0.16302

-1.1345

0.13707

-3.1320

2.3674

-0.13993

0.16759

-0.18088

0.65171E-01

-5.5456

0.96351
0.85922E-01

3.3066
0.73621
0.73356E-02
3.3066
0.73621
0.73356E-02
3.3066
0.73621
0.73356E-02
3.3066
0.73621
0.73356E-02
3.3066
0.73621
0.73356E-02

CONSTANT
TIME
TIMESQ
CONSTANT
TIME
TIMESQ
CONSTANT
TIME
TIMESQ
CONSTANT
TIME
TIMESQ
CONSTANT
TIME
TIMESQ
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From this information the empirical Bayes estimates for any of the level-2
units may be computed. For the first five mice, these estimates are given
in the following table.

Mouse no. Fixed effect Empirical Bayes estimate
1 CONSTANT  4.1621 + 5.9047 = 10.0668
TIME 6.9056 — 3.6104 = 3.2952
TIMESQ —0.2963 4+ 0.3673 = 0.0710

2 CONSTANT 4.1621 + 0.1630 = 4.3251
TIME 6.9056 — 1.1345 = 5.7711
TIMESQ —0.2963 4+ 0.1371 = 0.1592

3 CONSTANT 4.1621 — 3.1320 = 1.0301
TIME 6.9056 + 2.3674 = 9.2730
TIMESQ —0.29630.1399 = 0.4362

4 CONSTANT 4.1621 + 0.1676 = 4.3297
TIME 6.9056 — 0.1809 = 6.7247
TIMESQ —0.2963 4+ 0.0652 = 0.2311

5 CONSTANT 4.1621 + 5.5456 = 9.7077
TIME 6.9056 4+ 0.9635 = 7.8691
TIMESQ —0.2963 + 0.0859 = 0.2104
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The expected value of the weight of the first five mice at time point num-
ber 2 using the empirical Bayes estimates may thus be calculated as:

WEIGHT 2 = 10.0668 + 2.00(3.2952) 4 4.00(0.0710) = 16.9412 grams

WEIGHT,, = 4.3251 4 2.00(5.7711) + 4.00(0.1592) = 15.2305 grams
WEIGHT3, = 1.0301 4 2.00(9.2730) + 4.00(0.4362) = 17.8313 grams
WEIGHT 4, = 4.3297 4 2.00(6.7247) + 4.00(0.2311) = 16.8547 grams
WEIGHT52 = 9.7077 4 2.00(7.8961) + 4.00(0.2104) = 24.6583 grams
In the case of mice numbers 1, 3, 4, and 5, the estimated weights thus

obtained are higher than previously calculated, while mouse number 2 is
below the previously calculated value of 16.7881 units.

Finally, the residuals for the first 45 observations, that is the first five
male mice, are considered. The following is an extract from the output
file MOUSE4.RES:

1 1 1 15.000 10.771 4.2286
2 1 2 17.000 16.788 0.21183
3 1 3 23.000 22.212 0.78768
4 1 4 24.000 27.044 -3.0439
5 1 5 26.000 31.283 -5.2829
6 1 6 31.000 34.929 -3.9293
7 1 7 37.000 37.983 -0.98314
8 1 8 42.000 40.444 1.5556
9 1 9 46.000 42.313 3.6869
10 2 1 11.000 10.771 0.22856
11 2 2 14.000 16.788 -2.7882
12 2 3 20.000 22.212 -2.2123
13 2 4 24.000 27.044 -3.0439
14 2 5 29.000 31.283 -2.2829
15 2 6 35.000 34.929 0.70698E-01
16 2 7 36.000 37.983 -1.9831
17 2 8 41.000 40.444 0.55561
18 2 9 43.000 42.313 0.68693
19 3 1 11.000 10.771 0.22856
20 3 2 16.000 16.788 -0.78817
21 3 3 24.000 22.212 1.7877
22 3 4 30.000 27.044 2.9561
23 3 5 39.000 31.283 7.7171
24 3 6 39.000 34.929 4.0707
25 3 7 48.000 37.983 10.017
26 3 8 47.000 40.444 6.5556



2.5 MULTILEVEL EXAMPLES 85

27 3 9 48.000 42.313 5.6869
28 4 1 13.000 10.771 2.2286
29 4 2 16.000 16.788 -0.78817
30 4 3 21.000 22.212 -1.2123
31 4 4 26.000 27.044 -1.0439
32 4 5 31.000 31.283 -0.28289
33 4 6 37.000 34.929 2.0707
34 4 7 44.000 37.983 6.0169
35 4 8 44.000 40.444 3.5556
36 4 9 44.000 42.313 1.6869
37 5 1 5.0000 10.771 -5.7714
38 5 2 13.000 16.788 -3.7882
39 5 3 20.000 22.212 -2.2123
40 5 4 26.000 27.044 -1.0439
41 5 5 32.000 31.283 0.71711
42 5 6 39.000 34.929 4.0707
43 5 7 45.000 37.983 7.0169
44 5 8 48.000 40.444 7.5556
45 5 9 52.000 42.313 9.6869

The largest residual for the male mice is for observation number 25 which
represents the fifth measurement for mouse 3, where a residual of 10.017
is encountered. Plots of the residuals against the observation number
are given in Figure 2.2. For a more detailed discussion of the analysis of
residuals in a multilevel context, the user is referred to Goldstein (1987,
pp- 21-26).

Introducing a covariate while modeling non-linear growth

In this example we want to determine whether there is a significant differ-
ence between the growth pattern of the male and female mice, as modeled
in the non-linear growth model discussed previously. This can be deter-
mined by adding the gender of the mice as covariate to the model fitted in
the previous section.

The variable GENDER is introduced as covariate by modifying the FIXED
command to the following:

FIXED = CONSTANT TIME TIMESQ GENDER GENDER*TIME GENDER*TIMESQ;

Edit the previous file accordingly and save it as a new input file
(MOUSES5.PR2). Run PRELIS with this input file to fit the model to the
data. Convergence is reached after 4 iterations and the following output
is obtained.



2MULTILEVEL MODELING

Figure 2.2  Plot of residuals for the first 45 records in the data set

ITERATION NUMBER 4

+—- +

| FIXED PART OF MODEL |

+—- +
COEFFICIENTS BETA-HAT STD.ERR. 7—-VALUE PR > |zl
constant 4.19133 0.44972 9.31996 0.00000
time 6.87771 0.29532 23.28885 0.00000
timesq -0.29399 0.02900 -10.13902 0.00000
gender -0.81492 0.44972 -1.81207 0.06998
gender *time 0.87235 0.29532 2.95389 0.00314
gender *timesq -0.05947 0.02900 -2.05087 0.04028

+—- +

| -2 LoG-LIKELIHOOD |

+—- +

-2 LOG-LIKELIHOOD = 3389.53831478844
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+-- +

| RANDOM PART OF MODEL |

+—- +
LEVEL 2 TAU-HAT STD.ERR. Z-VALUE PR > |Z
constant/constant 11.07339 2.60146 4.25660 0.00002
time /constant -5.16047 1.46703 -3.51763 0.00044
time /time 5.83687 1.11334 5.24265 0.00000
timesq /constant 0.34138 0.13349 2.55735 0.01055
timesq /time -0.50761 0.10447 -4.85897 0.00000
timesq /timesg 0.05464 0.01069 5.11098 0.00000
LEVEL 1 TAU-HAT STD.ERR. Z-VALUE PR > |Z
constant/constant 3.07844 0.20464 15.04338 0.00000

LEVEL 2 COVARIANCE MATRIX

constant time timesg
constant 11.07339
time -5.16047 5.83687
timesq 0.34138 -0.50761 0.05464

LEVEL 2 CORRELATION MATRIX

constant time timesg
constant 1.0000
time -0.6419 1.0000
timesq 0.4389 -0.8989 1.0000

LEVEL 1 COVARIANCE MATRIX

constant

constant 3.07844

LEVEL 1 CORRELATION MATRIX

constant

constant 1.0000

0 The coefficients of GENDER*TIME and GENDER*TIME are significant
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at a b percent level, but the coefficient for GENDER*CONSTANT is not.

0 Only small changes are noticeable when the random part of the
model fitted is compared to the corresponding section of the output
obtained in the third example.

0 When comparing the values of —2InL (likelihood function) for the
two models, a reduction of 11.39 is noted.

0 It can thus be concluded that, although the gender of the mice has
no significance on the intercept denoted by the variables CONSTANT,
there are significant differences between the growth patterns of male
and female mice prior to physical maturity.

Complex variation at level 1 of the model

In the final example of a level-2 model, the linear growth model fitted
previously is extended to include complex variation on both levels of the
hierarchy. The term ‘complex variation’ refers to the existence of two or
more random variables at the same level of the hierarchy. We include the
variable TIME in this model to illustrate such a model.

We modify the RANDOM1 command previously used to

RANDOM1 = CONSTANT TIME;

This change in the level-1 covariance structure implies that the total vari-
ation at this level of the model can now be written as:

Var (CONSTANT;; + TIME;; ® (1yrive Time )

= ®(1)consTANT.CONSTANT+2® (1) TiME, consTANT( TIME;; )+ @ (1) ime, Time (TIME )

The input file (MOUSES6.PR2) should look like:

OPTIONS OLS=YES CONVERGE=0.001000 MAXITER=25 OUTPUT=ALL ;
TITLE=Mouse data: variance decomposition;

SY=K: \LISREL83\MLEVELEX \MOUSE .PSF;

ID1=idenl;

ID2=iden2;
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RESPONSE=weight;

FIXED=constant time;
RANDOM1=constant time;
RANDOM2=constant time;

89

The output obtained for this model is given below. For this model 18 iter-
ations were needed before convergence was reached. The MAXITER option
of the OPTIONS command was used to increase the number of iterations
from the default of 10 to 25.

ITERATION NUMBER 18

+—- +
| FIXED PART OF MODEL |
+—- +
COEFFICIENTS BETA-HAT STD.ERR. %-VALUE PR > |37l
constant 8.67635 0.46342 18.72259 0.00000
time 4.30965 0.13067 32.98166 0.00000
+—- +
| -2 LoG-LIKELIHOOD |
+—- +

-2 LOG-LIKELIHOOD =

3822.83149832868

R

| RANDOM PART OF MODEL
R

+ —+

LEVEL 2 TAU-HAT STD.ERR. Z-VALUE PR > |2
constant/constant 13.35035 2.77510 4.81076 0.00000
time /constant -1.61832 0.61801 -2.61861 0.00883
time /time 1.17651 0.21925 5.36601 0.00000
LEVEL 1 TAU-HAT STD.ERR. Z-VALUE PR > |2
constant/constant 13.73386 2.13539 6.43156 0.00000
time /constant -2.91233 0.54471 -5.34654 0.00000
time /time 0.83668 0.12967 6.45252 0.00000



90

2MULTILEVEL MODELING

LEVEL 2 COVARIANCE MATRIX

constant time
constant 13.35035
time -1.61832 1.17651

LEVEL 2 CORRELATION MATRIX

constant time
constant 1.0000
time -0.4083 1.0000

LEVEL 1 COVARIANCE MATRIX

constant time
constant 13.73386
time -2.91233 0.83668

LEVEL 1 CORRELATION MATRIX

constant time
constant 1.0000
time -0.8591 1.0000

From the random part of the output it can be seen that there is a marked
increase in the variance of the CONSTANT term on level 1 of the model
when the coefficient for the variable TIME is also allowed to vary randomly
over level 1 of the model. All coefficients are highly significant.

When the two values of —2InL are compared for these models, a decrease
of 50.43 is noted. The addition of the coefficient for the variable TIME on
level 1 of the model thus seems to lead to an improved fit compared with
the linear growth model .

Conclusions

In the five examples discussed here, various models were considered for
the analysis of repeated measurement data with a level-2 hierarchical
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structure. These models included a variance decomposition model, two
linear growth models and a non-linear growth model. The inclusion of a
covariate and the possibility of complex level-1 variation were also consid-
ered.

When the respective —2InL values of these models are compared, the non-
linear model with a covariate included had the lowest value, namely,
3389.5383. It would thus appear that the growth of the 82 mice up to
physical maturity can best be described by a parabola with the gender of
the mice as covariate. From Figure 2.1, however, it seems as if other non-
linear functions for the modeling of the growth of the mice can also be
considered.

2.5.2 Analysis of air traffic control data

The data used in this example are described by Kanfer & Ackerman (1989).
The data consists of information for 141 U.S. Air Force enlisted person-
nel. The personnel carried out a computerized air traffic controller task
developed by Kanfer and Ackerman.

The subjects were instructed to accept planes into their hold pattern and
land them safely and efficiently on one of four runways, varying in length
and compass directions, according to rules governing plane movements
and landing requirements. For each subject, the success of a series of
between three and six 10-minute trials was recorded. The measurement
employed was the number of correct landings per trial.

The Armed Services Vocational Battery (ASVB) was also administered to
each subject. A global measure of cognitive ability, obtained from the sum
of scores on the 10 subscales, is included in the data.

The data for this example can be found in the KANFER.PSF file. The vari-
able labels and first few records of this data file are shown below.

CONTROL TIME MEASURE ABILITY CONSTANT TIMESQ
1.00 1.00 24.00 142.16 1.00 1.00
1.00 2.00 27.00 142.16 1.00 4.00
1.00 3.00 30.00 142.16 1.00 9.00
1.00 4.00 32.00 142.16 1.00 16.00
1.00 5.00 38.00 142.16 1.00 25.00
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1.00 6.00 41.00 142.16 1.00 36.00
2.00 1.00 2.00 -7.63 1.00 1.00
2.00 2.00 3.00 -7.63 1.00 4.00
2.00 3.00 9.00 -7.63 1.00 9.00
2.00 4.00 13.00 -7.63 1.00 16.00
2.00 5.00 13.00 -7.63 1.00 25.00
2.00 6.00 14.00 -7.63 1.00 36.00
3.00 1.00 12.00 -67.43 1.00 1.00
3.00 2.00 18.00 -67.43 1.00 4.00
3.00 3.00 24.00 -67.43 1.00 9.00

The variables in the data set are:

CONTROL  The identifying number of the air traffic controller

TIME The number of the trial (between 1 and 6)
MEASURE  The number of successful trial for the trial
ABILITY The cognitive ability score (combined ASVB score)

CONSTANT The intercept term, with value 1 throughout
TIMESQ TIME*TIME, a quadratic term

Using this data, three models will be fitted:

0 The first model, a variance decomposition model, will investigate the
variation in the number of correct trials over subjects and also over
measurements for each subject.

0 In the next model, a non-linear growth model will be considered.

o Finally, the cognitive ability measure, a controller-related variable,
will be introduced into the non-linear growth model.

Variance decomposition model for Air Force data

To start the input file, we select the defaults for output options, maximum
number of iterations, and convergence criterion, then provide an optional
title for the analysis.

The variable CONTROL, identifying the air traffic controller, is used as
level-2 identification, as up to six measurements are available for each
controller. The variable TIME, indicating the number of the trial, is used
as level-1, or measurement, identification.
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The number of successful landings per trial is represented by the vari-
able MEASURE, which we select as the response variable for this particu-
lar model. We include the variable CONSTANT, representing the intercept
term, as fixed effect in a similar way.

Finaly, the intercept term, as represented by the variable CONSTANT is
selected as a random variable at both levels of the model.

The resulting input file (KANFER1.PR2) is as follows:

OPTIONS ;

TITLE=Kanfer and Ackerman data: Variance decomposition;
SY=K: \LISREL83\MLEVELEX \KANFER .PSF;

ID1=time;

ID2=control;

RESPONSE=measure;

FIXED=constant;

RANDOM1=constant;

RANDOM2=constant;

Partial output is given and discussed below.

N +
| DATA sumMMARY |
N +
NUMBER OF LEVEL 2 UNITS : 141
NUMBER OF LEVEL 1 UNITS : 840
N2 i 1 2 3 4 5 6 7 8
Nl 6 6 6 6 6 6 6 6
N2 i 9 10 11 12 13 14 15 16
N1 [
N2 i 17 18 19 20 21 22 23 24
N1
N2 i 25 26 27 28 29 30 31 32
Nl 6 6 6 6 6 6 6 6
N2 i 33 34 35 36 37 38 39 40
Nl 6 6 6
N2 i 41 42 43 44 45 46 47 48
Nl 6 6 6 6 6

N2 49 50 51 52 53 54 55 56
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Nl : 6 6 6 6 6 6 6 6
N2 e 57 58 59 60 61 62 63 64
Nl : 6 6
N2 e 65 66 67 68 69 70 71 72
Nl : 6 6 6
N2 e 73 74 75 76 77 78 79 80
Nl : 6 6
N2 e 81 82 83 84 85 86 87 88
Nl : 6 6
N2 e 89 90 91 92 93 94 95 96
Nl : 6 6
N2 e 97 98 99 100 101 102 103 104
Nl : 6 6 6 6 6
N2 e 105 106 107 108 109 110 111 112
Nl : 6 6 6 6 6 6 6 6
N2 e 113 114 115 116 117 118 119 120
Nl : 6 6 6 6 6 6 6 6
N2 e 121 122 123 124 125 126 127 128
Nl : 6 6 6 6 6 6 6 6
N2 e 129 130 131 132 133 134 135 136
Nl : 6 6 6 6 6 6 6 6
N2 e 137 138 139 140 141
Nl : 6 5 5 5 3
ITERATION NUMBER 4

+—- +

| FIXED PART OF MODEL |

+—- +
COEFFICIENTS BETA-HAT STD.ERR. %-VALUE PR > |2

constant 26.15108 0.66707 39,20293 0.00000
+—- +

| -2 LoG-LIKELIHOOD |
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+—- +
-2 LOG-LIKELIHOOD = 6380.91436790376
+—- +
| RANDOM PART OF MODEL |
+—- +
LEVEL 2 TAU-HAT STD.ERR. Z-VALUE PR > |Z
constant/constant 47.22948 7.51714 6.28290 0.00000
LEVEL 1 TAU-HAT STD.ERR. Z-VALUE PR > |Z
constant/constant 92.17651 4.93041 18.69552 0.00000

LEVEL 2 COVARIANCE MATRIX

constant

constant 47.22948

LEVEL 2 CORRELATION MATRIX

constant

constant 1.0000

LEVEL 1 COVARIANCE MATRIX

constant

constant 92.17651

LEVEL 1 CORRELATION MATRIX

constant

constant 1.0000

CONVERGENCE REACHED IN 4 ITERATIONS
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0 From the Data Summary, we see that we have complete data for all
but the last four air traffic controllers.

0 The mean number of successful trials, as obtained from the output
for the fixed part of the model, is 26.15108. From exploratory anal-
ysis of this data done prior to analysis, it is known that the number
of successful trials ranged between 0 and 57.

0 From the output for the random part of the model, we see that the
variation over measurements is approximately half of the variation
over the controllers (47.2298 versus 92.1765), indicating significant
differences in the intercepts between controllers.

0 A value of 6380.914 was obtained for —2InL.

In the next model, we will consider a non-linear growth model and com-
pare results with the results obtained here.

Non-linear model for air traffic data

In the example above, a basic model for the analysis of the air traffic data
of Kanfer & Ackerman was considered.

In data of this nature, it can be expected that the number of successful
landings per trial may be influenced by previous experience. In order to
take this into account, we now introduce the order of the measurements
into the model. The variable TIME indicates the number of the trial, and
TIMESQ the quadratic term equal to TIME*TIME.

To fit such a model, the FIXED and RANDOM2 commands used previously
have to be changed to:

FIXED = constant time timesq;
RANDOM2 = constant time timesq;

These changes can be made by directly editing the KANFER1.PR2 file used
in the previous analysis, and saving it as KANFER2.PR2:

OPTIONS ;
TITLE=Kanfer and Ackerman data: Non-linear model;
SY=K: \LISREL83\MLEVELEX \KANFER .PSF;
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ID1=time;

ID2=control;
RESPONSE=measure;
FIXED=constant time timesq;
RANDOM1=constant;
RANDOM2=constant time timesq;

Partial output for this model follows.

ITERATION NUMBER 4

+-- +

| FIXED PART OF MODEL |

+-- +
COEFFICIENTS BETA-HAT STD.ERR. %-VALUE PR > |37l
constant 1.67806 0.87343 1.92123 0.05470
time 11.48966 0.50397 22.79838 0.00000
timesq -1.03583 0.06141 -16.86761 0.00000

+-- +

| -2 LoG-LIKELIHOOD |

+-- +
-2 LOG-LIKELIHOOD = 5095.46585430938

+-- +

| RANDOM PART OF MODEL |

+-- +
LEVEL 2 TAU-HAT STD.ERR. %-VALUE PR > |z|
constant/constant 77.02126 12.98193 5.93296 0.00000
time /constant -24.73085 6.50474 -3.80197 0.00014
time /time 22.66462 4.35831 5.20033  0.00000
timesq /constant 2.26771 0.76607 2.96017 0.00307
timesq /time -2.38073 0.52370 -4.54595  0.00001
timesq /timesq 0.27282 0.06566 4.15473  0.00003

LEVEL 1 TAU-HAT STD.ERR. Z-VALUE PR > |3l
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constant/constant 9.49299 0.65567 14.47823 0.00000

LEVEL 2 COVARIANCE MATRIX

constant time timesg
constant 77.02126
time -24.73085 22.66462
timesq 2.26771 -2.38073 0.27282

LEVEL 2 CORRELATION MATRIX

constant time timesg
constant 1.0000
time -0.5919 1.0000
timesq 0.4947 -0.9574 1.0000

LEVEL 1 COVARIANCE MATRIX

constant

constant 9.49299

LEVEL 1 CORRELATION MATRIX

constant

constant 1.0000

CONVERGENCE REACHED IN 4 ITERATIONS
From the output above, we see that:

o Both the TIME and TIMESQ variables, introduced as fixed effects in
this model, have coefficents which are highly significant. From the
large coefficient for TIME (11.48966) we see that there is a positive
increase of 11 successful landings expected between successive tri-
als.

0 From the random part of the output, it follows that all the estimates
of the random coefficients on level 2 of the model are significant.
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This is also true for all the interaction terms on this level of the
model.

o The estimate of the coefficient of the level-1 variance is now 9.49299,
compared to the coefficient for the similar term in the previous model
of 92.17651, where TIME and TIMESQ were not allowed to vary ran-
domly at the controller level. Variation over measurements has been
drastically reduced in the extended model.

o For this model, a —2InL value of 5095.466 was obtained, compared
to the previous model where —2InL was 6380.914. In the previous
model, 3 parameters were estimated, while for the extended model
10 parameters were estimated. The inclusion of TIME and TIMESQ
significantly improved the fit of the model.

In the two models considered thus far, the measure of cognitive ability
available for each controller has not been considered. In the third and
final analysis of this data, we will include this measure in the model con-
sidered in this section.

Including additional variables in the air traffic data analysis

In the previous example a non-linear model was considered.

Recall that the data set also includes a measure of cognitive ability (com-
posite ASVB score) for each of the 141 air traffic controllers, denoted by
ABILITY in the file KANFER.PSF. We now include this variable as a fixed
effect in the model.

To add ABILITY to the model, the input file used in the previous example
may be edited. After it has been added to the fixed variables field, the
input file for this analysis is as follows (KANFER3.PR2).

OPTIONS ;

TITLE=Kanfer and Ackerman data: Non-linear model with covariate;
SY=K: \LISREL83\MLEVELEX \KANFER .PSF;

ID1=time;

ID2=control;

RESPONSE=measure;

FIXED=constant time timesq ability;

RANDOM1=constant;

RANDOM2=constant time timesq;
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Partial output for this analysis is shown below.

ITERATION NUMBER 4

+-- +

| FIXED PART OF MODEL |

+-- +
COEFFICIENTS BETA-HAT STD.ERR. %-VALUE PR > |zl
constant 1.67596 0.78914 2.12379 0.03369
time 11.49203 0.50394 22.80458 0.00000
timesq -1.03639 0.06140 -16.87917 0.00000
ability 0.03703 0.00519 7.12990 0.00000

+-- +

| -2 LoG-LIKELIHOOD |

+-- +
-2 LOG-LIKELIHOOD = 5052.79195898966

+-- +

| RANDOM PART OF MODEL |

+-- +
LEVEL 2 TAU-HAT STD.ERR. %-VALUE PR > |z|
constant/constant 57.26989 10.66634 5.36921 0.00000
time /constant -22.58400 5.99981 -3.76412  0.00017
time /time 22.66330 4.35771 5.20074  0.00000
timesq /constant 2.09446 0.70778 2.95921  0.00308
timesq /time -2.38017 0.52358 -4.54592  0.00001
timesq /timesq 0.27273 0.06565 4.15457  0.00003
LEVEL 1 TAU-HAT STD.ERR. %-VALUE PR > |z|
constant/constant 9.49057 0.65551 14.47819 0.00000

LEVEL 2 COVARIANCE MATRIX

constant time timesg
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constant 57.26989
time -22.58400 22.66330
timesq 2.09446 -2.38017 0.27273

LEVEL 2 CORRELATION MATRIX

constant time timesg
constant 1.0000
time -0.6269 1.0000
timesq 0.5300 -0.9574 1.0000

LEVEL 1 COVARIANCE MATRIX

constant

constant 9.49057

LEVEL 1 CORRELATION MATRIX

constant

constant 1.0000

CONVERGENCE REACHED IN 4 ITERATIONS
From the output above, we see that:

0 The effect of ability on the number of successful landings is small in
size and positive, indicating a small, and highly significant increase
in the expected number of successful landings per trial. The largest
effect is that of the order of trials, indicating that a higher number
of succesful landings are expected in a following trial.

0 From the large coefficient for TIME (11.4920), we see that there is a
positive increase of 11 successful landings expected between succes-
sive trials.

0 From the random part of the output, it follows that all the estimates
of the random coefficients on level 2 of the model are significant.
This is also true for all the interaction terms at this level of the
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model. Note that the coefficient for the intercept at this level has
been reduced to 57.26989, compared to 77.02126 in the previous
model, where the cognitive ability measure was not included. The
introduction of this measure into the model leads to a reduction in
the variation of mean outcome scores over controllers.

o The estimate of the coefficient of the level-1 variance is now 9.4057,
which is very similar to the estimate obtained for the model without
ABILITY. Inclusion of this variable did not contribute to the reduction
in the variation over measurements nested within each controller.

o For this model, a —2InL value of 5052.792 was obtained, compared
to the previous model where —2InL was 5095.466. As only one extra
parameter was estimated in this model, we conclude that the inclu-
sion of ABILITY in the non-linear model significantly improved the fit
of the model.

2.5.3 A multivariate analysis of educational data

The data set used in this section forms part of the data library of the
Multilevel Project at the University of London and comes from the Junior
School Project (Mortimer, et al., 1988).

Mathematics and language tests were administered in three consecutive
years to more than 1000 students from 50 primary schools, which were
randomly selected from primary schools maintained by the Inner London
Education Authority.

The following variables are available in the data file JSPPSF:

The school number (SCHOOL) is used as the level-3 identification vari-
able, with Student ID (STUDENT) as the level-2 identification variable. The
level-1 units are the scores obtained by a student for the mathematics and
language tests, as represented by MATH1 to MATH3 and ENG1 to ENGS3.

The aim of this analysis is to examine the variation in test scores over
pupils. It would also be interesting to determine the extent to which
schools vary with respect to the response variable(s). One of the main
benefits of analyzing different responses simultaneously in one multivari-
ate analysis is that the way in which measurements relate to the explana-
tory variables can be directly explored. The gender, Ravens test score, and
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SCHOOL School code (1 to 50)
CLASS Class code (1to 4)
STUDENT  Student ID (1 to 1402)
GENDER Gender (boy=1; girl=0)

RAVENS Ravens test score in year 1(score 4-36)

MATHA1 Score on mathematics test in year 1 (score 1-40)
MATH2 Score on mathematics test in year 2 (score 1-40)
MATH3 Score on mathematics test in year 3 (score 1-40)
ENGA Score on language test in year 1 (score 0-98)
ENG2 Score on language test in year 2 (score 0-98)
ENG3 Score on language test in year 3 (score 0-98)

CONSTANT Intercept, value=1 throughout

an intercept term (GENDER, RAVENS, and CONSTANT, respectively) will be
used as explanatory variables in the second of the models described in this
section.

As the residual covariance matrices for the second and third levels of the
hierarchy are also obtained from this analysis, differences between coeffi-
cients of explanatory variables for different responses can be studied.

Finally, each respondent does not have to be measured on each response,
as is the case for the data set we consider here, where scores for all three
years are not available for all students. This type of model is one in which
the MISSING_DEP and MISSING_DAT commands can be used to good advan-
tage, as will be shown. In the case of missing responses, a multilevel mul-
tivariate analysis of the responses that are available for respondents can
be used to provide information in the estimation of those that are missing.

The first five observations in the JSPPSF file are shown below.

SCHOOL STUDENT GENDER RAVENS MATH1 MATH2 MATH3 ENG1 ENG2 ENG3 CONSTANT
1.00 1.00 0.00 23.00 23.00 24.00 23.00 72.00 80.00 39.00 1.00

1.00 2.00 1.00 15.00 14.00 11.00 -9.00 7.00 17.00 -9.00 1.00
1.00 3.00 1.00 22.00 36.00 32.00 39.00 88.00 89.00 83.00 1.00
1.00 4.00 1.00 14.00 24.00 26.00 32.00 12.00 25.00 12.00 1.00
1.00 5.00 0.00 19.00 22.00 23.00 -9.00 67.00 78.00 -9.00 1.00
1.00 6.00 0.00 16.00 19.00 23.00 11.00 52.00 76.00 19.00 1.00
1.00 7.00 1.00 17.00 22.00 22.00 26.00 37.00 68.00 31.00 1.00
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1.00 8.00 0.00 21.00 18.00 29.00 28.00 57.00 86.00 40.00 1.00
1.00 9.00 1.00 30.00 30.00 31.00 -9.00 42.00 59.00 -9.00 1.00
1.00 10.00 0.00 25.00 29.00 29.00 -9.00 46.00 79.00 -9.00 1.00
1.00 11.00 0.00 32.00 31.00 28.00 32.00 69.00 84.00 50.00 1.00
1.00 12.00 0.00 15.00 18.00 26.00 -9.00 54.00 74.00 -9.00 1.00
1.00 13.00 0.00 25.00 23.00 -9.00 27.00 63.00 -9.00 39.00 1.00
1.00 14.00 0.00 29.00 39.00 35.00 36.00 83.00 88.00 80.00 1.00
1.00 15.00 0.00 34.00 24.00 30.00 33.00 37.00 44.00 37.00 1.00

One line of information is given for each student. Note that, for the sec-
ond and fourth students, no mathematics score was available in the third
year of the study (MATH3). A missing data code of —9 was assigned to all
missing values on both explanatory and response variables in the data set.

In order to perform a multilevel analysis, we need one line of informa-
tion for each level-1 unit, in this case each of the six test scores. The
data manipulation required in creating this revised data file format will
be performed automatically by the program in the case of a multivari-
ate model. Six dummy variables are created for each of the explanatory
variables used. For the explanatory variable GENDER, for example, the
dummy variables GENDER1, GENDER2, . . ., GENDERS6 will denote the gen-
der effect for each of the response variables.

Two models will be fitted and discussed:

0 A variance decomposition model
o Adding explanatory variables to the model

A variance decomposition model

As a first step, we provide a title for our analysis. No specifications (other
than the defaults) are needed for the OPTIONS command, and thus the
default convergence criterion and maximum number of iterations will be
used. Only the default output file will be produced.

In the case of a multivariate model, only levels 2 and 3 of the hierarchy
have to be identified, because the actual measurements for each level-2
unit serve as level-1 units. In this case, we select SCHOOL as the level-3
identification variable. The student ID (STUDENT) is selected as the level-2
identification variable.
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We choose the six variables MATH1 to MATH3 and ENG1 to ENG3 as response
variables.

In this model, we wish to start our analysis of the data with a look at
the differences in intercepts over students and schools. Note that in this
analysis, no RANDOM commands should be included. These commands are
only required when running a multivariate model when more variables
than just the intercept is required at higher levels of the hierarchy. If
no RANDOM commands are included, the inclusion of an intercept term
on higher levels is automatically assumed by the program and dummy
variables for the explanatory predictors given in the FIXED command are
generated.

The resulting input file (JSP1.PR2) is given below.

Note, that the optional MISSING_DEP command is used to identify -9 as the
missing data code for all response variables.

OPTIONS ;

TITLE=Multivariate Analysis of Education Data;
sY=K:\LISREL83\MLEVELEX\ JSP.PSF;

ID2=student;

ID3=school;

RESPONSE=mathl math2 math3 engl eng2 eng3;
FIXED=constant;

MISSING_DEP=-9;

The output for this model is written to the default output file JSP1.0UT.
Partial output is given below.

fmmmm e +
| DATA sumMMARY |
fmmmm e +
NUMBER OF LEVEL 3 UNITS : 49
NUMBER OF LEVEL 2 UNITS : 1192
NUMBER OF LEVEL 1 UNITS : 6472
D3 : 1 2 3 4 5 6 7 8
N2 e 34 13 21 24 29 24 15 31
Nl : 184 72 96 144 166 120 78 174

ID3 : 9 10 11 12 13 14 15 16
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N2 e 22 14 12 28 25 15 24 19
Nl e 130 48 70 154 138 86 106 106
3 : 17 18 19 20 21 22 23 24
N2 e 7 20 17 15 32 16 20 21
Nl e 40 110 88 84 184 92 116 126
3 : 25 26 27 28 29 30 31 32
N2 e 18 29 27 18 25 37 36 26
Nl e 94 156 146 96 124 182 214 148
3 : 33 34 35 36 37 38 39 40
N2 e 46 34 19 32 22 14 16 13
Nl e 262 184 106 178 118 78 90 68
3 : 41 42 43 44 45 46 47 48
N2 e 13 47 6 17 19 37 72 25
Nl e 70 262 32 88 102 204 412 144
3 : 49

N2 e 46

Nl e 202

[Output omitted]

Multivariate Analysis of Education Data

ITERATION NUMBER 8

+—- +

| FIXED PART OF MODEL |

+—- +
COEFFICIENTS BETA-HAT STD.ERR. %-VALUE PR > |2
constanl 24.90370 0.33546 74.23792 0.00000
constan2 24.87234 0.40108 62.01311 0.00000
constan3 30.04909 0.37761 79.57736 0.00000
constand 47.15338 1.32158 35.67945 0.00000
constan5 64.96594 1.22017 53.24352 0.00000
constané 40.71988 1.38296 29.44399 0.00000

R

| -2 LOG-LIKELIHOOD
R

+ —+




2.5 MULTILEVEL EXAMPLES 107

-2 LOG-LIKELIHOOD = 45991.2578958991

+—- +

| RANDOM PART OF MODEL |

+—- +
LEVEL 3 TAU-HAT STD.ERR. %Z-VALUE PR > |%
mathl  /mathl 3.31028 1.10053 3.00791  0.00263
math2  /mathl 2.29203 1.09364 2.09579  0.03610
math?  /math2 5.23047 1.57789 3.31486  0.00092
math3  /mathl 2.36877 1.02957 2.30075  0.02141
math3  /math2 3.13485 1.25421 2.49945  0.01244
math3  /math3 4.79640 1.39721 3.43285  0.00060
engl /mathl 9.95162 3.74223 2.65927  0.00783
engl /math2 9.49602 4.22124 2.24958  0.02448
engl /math3 9.95900 4.00265 2.48810 0.01284
engl /engl 59.32680 17.15964 3.45735  0.00055
eng? /mathl 9.93290 3.47650 2.85716  0.00427
eng? /math2 11.41833 4.08446 2.79555  0.00518
eng? /math3 11.59906 3.87949 2.98984  0.00279
eng? /engl 42.49228 14.15024 3.00294  0.00267
eng? /eng2 53.08595 14.64628 3.62453  0.00029
eng3 /mathl 10.16830 3.82941 2.65532  0.00792
eng3 /math2 10.71620 4.43202 2.41790  0.01561
eng3 /math3 13.71315 4.43882 3.08937  0.00201
eng3 /engl 45.00410 15.55552 2.89313  0.00381
eng3 /eng2 51.61419 15.11775 3.41415  0.00064
eng3 /eng3 71.08796 18.81475 3.77831  0.00016
LEVEL 2 TAU-HAT STD.ERR. %Z-VALUE PR > |%
mathl  /mathl 47.17671 1.99173 23.68631  0.00000
math2  /mathl 38.63798 1.91420 20.18492  0.00000
math?  /math2 55.45831 2.35660 23.53314  0.00000
math3  /mathl 31.21276 1.65633 18.84448  0.00000
math3  /math2 36.54802 1.84653 19.79278  0.00000
math3  /math3 41.33874 1.86018 22.22293  0.00000
engl /mathl 109.03175 5.79022 18.83032  0.00000
engl /math2 109.44780 6.15532 17.78100  0.00000
engl /math3 88.00030 5.36198 16.41191  0.00000
engl /engl 549.,41232 23.15761 23.72492  0.00000
eng? /mathl 88.73168 4.92512 18.01613  0.00000
eng? /math2 94.99391 5.32980 17.82315  0.00000
eng? /math3 79.52971 4.69229 16.94901  0.00000
eng? /engl 388.36174 18.26625 21.26117  0.00000
eng? /eng2 409.27297 17.36258 23.57213  0.00000

eng3 /mathl 94.37662 5.19417 18.16973 0.00000
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eng3 /math?2 99.80683 5.60600 17.80356 0.00000
eng3 /math3 86.38268 4.95170 17.44505 0.00000
eng3 /engl 382.76743 18.73683 20.42861 0.00000
eng3 /eng2 317.45309 15.98496 19.85949 0.00000
eng3 /eng3 425.49404 18.97401 22.42510 0.00000

LEVEL 3 COVARIANCE MATRIX

mathl math2 math3 engl eng?2
mathl 3.31028
math2 2.29203 5.23047
math3 2.36877 3.13485 4.79640
engl 9.95162 9.49602 9.95900 59.32680
eng? 9.93290 11.41833 11.59906 42.49228 53.08595
eng3 10.16830 10.71620 13.71315 45.00410 51.61419
eng3
eng3 71.08796

LEVEL 3 CORRELATION MATRIX

mathl math?2 math3 engl eng?2 eng3
mathl 1.0000
math2 0.5508 1.0000
math3 0.5945 0.6259 1.0000
engl 0.7101 0.5391 0.5904 1.0000
eng2 0.7493 0.6852 0.7269 0.7572 1.0000
eng3 0.6629 0.5557 0.7426 0.6930 0.8402 1.0000

LEVEL 2 COVARIANCE MATRIX

mathl math2 math3 engl eng?2
mathl 47.17671
math2 38.63798 55.45831
math3 31.21276 36.54802 41.33874
engl 109.03175 109.44780 88.00030 549.41232
eng? 88.73168 94.99391 79.52971 388.36174 409.27297
eng3 94.37662 99.80683 86.38268 382.76743 317.45309

eng3

eng3 425.49404
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mathl
math2
math3
engl
eng2
eng3

LEVEL 2 CORRELATION MATRIX
mathl math?2 math3 engl eng?2 eng3

.0000
.7554
.7068
6772
.6386
.6661

.0000

L7633 1.0000

.6270 0.5839 1.0000

. 6305 0.6114 0.8190 1.0000

. 6497 0.6513 0.7917 0.7607 1.0000

(==l =
o oo o

CONVERGENCE REACHED IN 8 ITERATIONS

0 From the Data Summary, we see that data from 1192 students from

49 schools were used in the analysis. The number of level-1 units
(i.e., measurements) per school ranged from 32 in the case of school
number 43 to 412 for school number 47.

From the output for the fixed part of the model, it can be seen that
all six fixed effects are highly significant, indicating significant dif-
ferences in the six measurements over the schools.

There is significant variation in the mean effects of the six response
variables over both schools and students. The variation over schools
(level 3) is higher than over students. At the student level, the
largest variation is in the mean effects for the language tests, rang-
ingbetween 59.326 (for measurements from the first year), to 71.088
(for measurements from the third year of the study). The same ten-
dency is observed for the mean effects of language test scores over
schools, with the highest variation recorded for the language test
score from the third year of the study.

The —2InL value for this analysis at convergence after 7 iterations
was 45991.2579.

Adding explanatory variables to the model

Using the model discussed in the previous section as point of departure,
we now proceed to add fixed effects to the model. The variables GENDER
and RAVENS, indicating the gender of a student and the student’s score



110 2MULTILEVEL MODELING

on the Ravens test in the first year of the study, respectively, are added to
the FIXED command.

This is how the FIXED command should look:

FIXED = CONSTANT GENDER RAVENS;

To make this change, the input file previously used (JSP1.PR2) can be
edited directly, and then saved as the new input file JSP2.PR2:

OPTIONS ;

TITLE=Multivariate Analysis of Education Data;
sY=K:\LISREL83\MLEVELEX\ JSP.PSF;

ID2=student;

ID3=school;

RESPONSE=mathl math2 math3 engl eng2 eng3;
FIXED=constant gender ravens;

MISSING_DEP=-9;

For this model the following output was obtained.

ITERATION NUMBER 7

+—- +

| FIXED PART OF MODEL |

+—- +
COEFFICIENTS BETA-HAT STD.ERR. %-VALUE PR > |2
constanl 7.68926 0.80046 9.60607 0.00000
constan2 6.48252 0.90269 7.18136 0.00000
constan3 14.84541 0.84586 17.55061 0.00000
constand 2.64745 2.90410 0.91163 0.36197
constan5 28.95062 2.57309 11.25128 0.00000
constané -2.58204 2.74794 -0.93963 0.34741
genderl -0.48513 0.33815 -1.43466 0.15138
gender? -0.79986 0.37167 -2.15205 0.03139
gender3 -0.45790 0.34277 -1.33588 0.18159
gender4 -10.57862 1.20875 -8.75172 0.00000
gender5 -9.21809 1.06819 -8.62960 0.00000
genders -7.02657 1.10494 -6.35926 0.00000
ravensl 0.69639 0.02943 23.66040 0.00000
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ravens? 0.74945 0.03248 23.07353 0.00000
ravens3 0.61505 0.03029 20.30821 0.00000
ravens4 1.97944 0.10546 18.77035 0.00000
ravens5 1.61390 0.09328 17.30225 0.00000
ravensé 1.86293 0.09754 19.09957 0.00000

+—- +

| -2 LoG-LIKELIHOOD |

+—- +
-2 LOG-LIKELIHOOD = 45321.6134304450

+—- +

| RANDOM PART OF MODEL |

+—- +
LEVEL 3 TAU-HAT STD.ERR. %Z-VALUE PR > |%
mathl  /mathl 2.35970 0.77231 3.05538  0.00225
math2  /mathl 1.47571 0.79018 1.86756  0.06182
math?  /math2 4,59531 1.29317 3.55353  0.00038
math3  /mathl 1.45284 0.73222 1.98414  0.04724
math3  /math2 2.34726 0.97705 2.40240  0.01629
math3  /math3 3.94231 1.11612 3.53215  0.00041
engl /mathl 5.89266 2.50131 2.35583  0.01848
engl /math2 5.10887 3.00832 1.69825  0.08946
engl /math3 5.75844 2.83649 2.03013  0.04234
engl /engl 40.46361 11.99950 3.37211  0.00075
eng? /mathl 5.42374 2.23795 2.42353  0.01537
eng? /math2 6.60379 2.82875 2.33453  0.01957
eng? /math3 7.26912 2.69805 2.69422  0.00706
eng? /engl 22.52145 9.10418 2.47375  0.01337
eng? /eng2 33.03809 9.66632 3.41786  0.00063
eng3 /mathl 5.14461 2.49143 2.06492  0.03893
eng3 /math2 5.67697 3.12932 1.81413  0.06966
eng3 /math3 9.01133 3.15762 2.85384  0.00432
eng3 /engl 22.93497 10.12809 2.26449  0.02354
eng3 /eng2 30.00480 9.77962 3.06810 0.00215
eng3 /eng3 47.71171 12.97810 3.67632  0.00024
LEVEL 2 TAU-HAT STD.ERR. Z-VALUE PR > |Z
mathl  /mathl 31.84368 1.34833 23.61706  0.00000
math2  /mathl 22.14572 1.23554 17.92388  0.00000
math?  /math2 37.70830 1.61030 23.41693  0.00000
math3  /mathl 17.66778 1.10211 16.03093  0.00000
math3  /math2 21.92750 1.24318 17.63828  0.00000

math3 /math3 29.34575 1.34391 21.83617 0.00000
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engl /mathl 65.59655 3.92248 16.72322 0.00000
engl /math?2 62.26680 4.16530 14.94895 0.00000
engl /math3 49.65248 3.75896 13.20909 0.00000
engl /engl 406.75188 17.17856 23.67788 0.00000
eng2 /mathl 53.71682 3.40837 15.76025 0.00000
eng2 /math?2 56.85501 3.69230 15.39826 0.00000
eng2 /math3 48.64973 3.37484 14.41540 0.00000
eng2 /engl 272.02299 13.42728 20.25897 0.00000
eng2 /eng2 314.33951 13.37559 23.50099 0.00000
eng3 /mathl 53.74137 3.50517 15.33203 0.00000
eng3 /math?2 55.52744 3.78879 14.65570 0.00000
eng3 /math3 50.44039 3.44613 14.63681 0.00000
eng3 /engl 256.17082 13.47180 19.01534 0.00000
eng3 /eng2 214.35205 11.70207 18.31744 0.00000
eng3 /eng3 310.90414 14.08313 22.07635 0.00000

LEVEL 3 COVARIANCE MATRIX

mathl math2 math3 engl eng?2
mathl 2.35970
math2 1.47571 4.59531
math3 1.45284 2.34726 3.94231
engl 5.89266 5.10887 5.75844 40.46361
eng? 5.42374 6.60379 7.26912 22.52145 33.03809
eng3 5.14461 5.67697 9.01133 22.93497 30.00480
eng3
eng3 47.71171

LEVEL 3 CORRELATION MATRIX

mathl math?2 math3 engl eng?2 eng3
mathl 1.0000
math2 0.4481 1.0000
math3 0.4763 0.5515 1.0000
engl 0.6030 0.3747 0.4559 1.0000
eng2 0.6143 0.5360 0.6369 0.6160 1.0000
eng3 0.4849 0.3834 0.6571 0.5220 0.7557 1.0000

LEVEL 2 COVARIANCE MATRIX

mathl math2 math3 engl eng?2
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mathl
math2
math3
engl
eng2
eng3

eng3

mathl
math2
math3
engl
eng2
eng3

31.84368

22.14572 37.70830

17.66778 21.92750 29.34575

65.59655 62.26680 49.65248 406.75188

53.71682 56.85501 48.64973 272.02299 314.33951

53.74137 55.52744 50.44039 256.17082 214.35205
eng3

310.90414

LEVEL 2 CORRELATION MATRIX

mathl math?2 math3 engl eng?2 eng3
1.0000

0.6391 1.0000

0.5780 0.6592 1.0000

0.5764 0.5028 0.4545 1.0000

0.5369 0.5222 0.5065 0.7607 1.0000

0.5401 0.5128 0.5281 0.7204 0.6857 1.0000

CONVERGENCE REACHED IN 7 ITERATIONS

Results for the fixed part of the model show that:

0 The expected score of girls (GENDER=0) for all test scores is higher

than the expected score for boys (GENDER=1). For boys (GENDER=1),
the coefficients GENDER4 to GENDERS are negative and highly signif-
icant. In the case of the mathematics test scores (MATH1 to MATH3 as
represented by GENDER1 to GENDER3) the effects are smaller. Keep
in mind that the range of scores differed between the mathematics
and language tests.

The effects of the RAVENS test are positive and highly significant for
all six response variables, with the largest effects for the mathemat-
ics tests. An increase of one unit in the RAVENS test score implies
an expected increase in the third year language test of 0.61 and an
expected increase of 1.86 for the expected third year mathematics
test score.

Results for the random part of the model are consistent with the results
for the previous model fitted, with larger variation for the three language
tests and, in general, more variation over schools than over students.
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The —2InL recorded for this model is 45321.61343. When compared to
the —2InL of 45991.2579 obtained previously, a marked decrease is ob-
served. In the first model, 48 parameters were estimated, compared to 60
parameters for the model discussed here. The introduction of the GENDER
and RAVENS variables have contributed significantly to the explanation of
variance in the response variables.

2.5.4 Analysis of CPC survey data

In this section, data from the March 1995 Current Population Survey are
used. The data set is a subset of data obtained from the Data Library
at the Department of Statistics at UCLA. A small number of demographic
variables for two occupation groups was extracted, and all analyses are
based on unweighted data.

Only respondents between the ages of twenty-one and sixty-five, who held
full time positions in 1994 and had an annual income of US$1 or more
were considered. The two groups we will focus on here are defined as
follows:

Educational sector  Respondents with professional specialty in the
educational sector

Construction sector  Operators, fabricators, and laborers in the
construction sector

The variable GROUP in the PRELIS system file INCOME.PSF represents the
groups, with GROUP=0 for the respondents in the construction sector and
GROUP=1 for respondents in the educational sector. A 3-D bar chart show-
ing the sample sizes of the two groups,® is shown in Figure 2.3.

Other demographic variables and their codes are:

3As obtained with the Graphs option in the Windows version
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Figure 2.3  Bar Chart of the GROUP Variable in INCOME.PSF

GENDER 0 = female; 1 = male

AGE Age in single years

MARITAL 1 = married; 0 = other

HOURS  Hours worked during last week at all jobs

CITIZEN 1 for native Americans, O for all foreign born respondents

INCOME The natural logarithm of the personal income during 1994

DEGREE 1 for respondents with master’s degrees, professional school degree,
or doctoral degree; 0 otherwise

Respondents were from 9 regions of the USA, and the state of residence
was also given. The variables REGION and STATE represent this infor-
mation. The full description of the regions and states within regions is
presented in Table 2.2. On the respondent level, the variable PERSON is
a respondent identity number.

Finally, the variable CONSTANT denotes the intercept term and has a value
of 1 for all respondents. The variable INCOME will be used as response
variable in all analyses.

The models considered here are:
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Table2.2 Region and State codes

Region State Code  State Name
New England region 11 Maine
(REGION = 1) 12 New Hampshire

13 Vermont

14 Massachusetts

15 Rhode Island

16 Connecticut
Middle Atlantic region 21 New York
(REGION=2) 22 New Jersey

23 Pennsylvania
East North Central region 31 Ohio
(REGION=3) 32 Indiana

33 Illinois

34 Michigan

35 Wisconsin
West North Central region 41 Minnesota
(REGION=4) 42 lowa

43 Missouri

44 North Dakota

45 South Dakota

46 Nebraska

47 Kansas
South Atlantic region 51 Delaware
(REGION=5) 52 Maryland

53 District of Columbia

54 Virginia

55 West Virginia

56 North Carolina

57 South Carolina

58 Georgia

59 Florida
East South Central region 61 Kentucky
(REGION=6) 62 Tennessee

63 Alabama

64 Mississippi
West South Central region 71 Arkansas
(REGION=7) 72 Louisiana

73 Oklahoma

74 Texas
Mountain region 81 Montana
(REGION=8) 82 Idaho

83 Wyoming

84 Colorado

85 New Mexico

86 Arizona

87 Utah

88 Nevada
Pacific region 91 Washington
(REGION=9) 92 Oregon

93 California

94 Alaska

95 Hawaii
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0 A 3-level model for the combined group, using INCOME.PSF

0 A similar model for the education sector only, using a subset of the
data

0 A similar model for the construction sector only, using a subset of
the data

3-level model for subset of CPC survey data

The data set used, as described in the previous section, is contained in
the PSF file INCOME.PSF. The variable labels (first two lines) and the first
fifteen data records of this file are shown below.

REGION STATE AGE GENDER MARITAL HOURS
CITIZEN PERSON CONSTANT DEGREE GROUP INCOME

11130 1 140 1 147511 0 0 9.6291

111 41 1 140 1 14768 1 0 0 10.6041

11146 0 136 1 14781 1 0 0 10.1897

11130 1 140 1 148131 0 0 10.9618

11146 1 110 0 148251 0 0 9.8009

11163 1 125 1 14830 1 0 0 10.2071

11138 1 075 1 14833 1 0 0 10.0587

11133 1 140 1 14861 1 0 0 10.2400

11125 1 060 1 14890 1 0 0 10.2324

111 43 1 040 1 14949 1 0 0 10.0648

11134 1 1 6 1 14984 1 0 0 10.8208

11146 1 1 0 1 149991 0 0 9.6803

11141 1 139 1 150091 0 0 9.9998

11161 1 132 1 150121 0 0 9.5468

11151 1 125 1 15068 1 0 0 10.4913

Again, we start creating the input file by accepting the defaults for the
maximum number of iterations, the convergence criterion, and the output
options, then provide the title for the analysis (optional).

As all respondents are nested within state of residence, and states are in
turn nested within the nine regions, we select REGION as the variable for
the level-3 identification variable field. The variables STATE and PERSON are
selected as level-2 and level-1 identification variables, respectively.

Next, we select INCOME, representing the natural logarithm of personal
income, as the response variable for this analysis. The variables AGE,
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GENDER, MARITAL, HOURS, CITIZEN, CONSTANT, DEGREE, and GROUP are
all entered into the model as fixed effects.

Finally, the variable CONSTANT, representing the intercept term, is iden-
tified as a random effect on all levels of the hierarchy.

As a result, the input file INCOME.PR2) looks like this:

OPTIONS ;

TITLE=Analysis of CPC data: combined group;
SY=K: \LISREL83\MLEVELEX \ INCOME .PSF;
IDl=person;

ID2=state;

ID3=region;

RESPONSE=income;

FIXED=age gender marital hours citizen constant degree group;
RANDOM1=constant;

RANDOM2=constant;

RANDOM3=constant;

The data summary and output for the final iteration are given below.

N +
| DATA sumMMARY |
N +
NUMBER OF LEVEL 3 UNITS : 9
NUMBER OF LEVEL 2 UNITS : 51
NUMBER OF LEVEL 1 UNITS : 6062
D3 : 1 2 3 4 5 6 7 8
N2 i 6 3 5 7 9 4 4 8
Nl 545 862 785 521 1095 291 598 704
ID3 : 9
N2 ¢ 5
Nl 661
[Output omitted]

ITERATION NUMBER 3
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+-- +

| FIXED PART OF MODEL |

+-- +
COEFFICIENTS BETA-HAT STD.ERR. %-VALUE PR > |37l
age 0.01636 0.00101 16.17417 0.00000
gender 0.23710 0.02853 8.31169 0.00000
marital 0.08456 0.02243 3.76975 0.00016
hours 0.01344 0.00065 20.63542 0.00000
citizen 0.28652 0.03449 8.30714 0.00000
constant 8.19488 0.06867 119.34530 0.00000
degree 0.41226 0.02846 14.48697 0.00000
group 0.19798 0.03135 6.31519 0.00000

+-- +

| -2 LoG-LIKELIHOOD |

+-- +
-2 LOG-LIKELIHOOD = 14222.6158872357

+-- +

| RANDOM PART OF MODEL |

+-- +
LEVEL 3 TAU-HAT STD.ERR. %-VALUE PR > |z|
constant/constant 0.00783 0.00472 1.65774 0.09737
LEVEL 2 TAU-HAT STD.ERR. %-VALUE PR > |z|
constant/constant 0.00522 0.00250 2.08936 0.03668
LEVEL 1 TAU-HAT STD.ERR. %-VALUE PR > |z|
constant/constant 0.60688 0.01107 54.83990 0.00000

LEVEL 3 COVARIANCE MATRIX

constant

constant 0.00783
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LEVEL 3 CORRELATION MATRIX
constant

constant 1.0000

LEVEL 2 COVARIANCE MATRIX
constant

constant 0.00522

LEVEL 2 CORRELATION MATRIX
constant

constant 1.0000

LEVEL 1 COVARIANCE MATRIX
constant

constant 0.6069

LEVEL 1 CORRELATION MATRIX
constant

constant 1.0000

CONVERGENCE REACHED IN 3 ITERATIONS
From the output given above, we see that:

0 The nine regions had between 291 and 1095 respondents, nested
within states. The smallest number of level-2 units within a level-3
unit was 3, for the middle Atlantic region which included only New
York, New Jersey, and Pennsylvania.

o All the fixed effects were highly significant. The coefficient for the
variable CONSTANT, representing the mean income, was 8.19488.
Since the response variable is the natural logarithm of a respon-
dent’s annual income, this number translates to a mean income of
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[

exp(8.19488 + 21(0.01636) + 40(0.01344)) = $8, 743

for a respondent from the construction sector who is 21 years of
age, working 40 hours per week, unmarried, without a higher de-
gree, and not a USA citizen. Although the size of the coefficients
is quite small, it should be kept in mind that the natural logarithm
of income is used as response variable. The relatively large positive
coefficients for GENDER (0.23710), CITIZEN (0.28652), and DEGREE
(0.41226) indicate that males, citizens of the USA, and respondents
with a high education level tend to earn more when other variables
are held constant. A comparison of two respondents with different
demographic profiles as given below illustrates this point.

Respondent1 Respondent 2

AGE=30 AGE=30
HOURS=40 HOURS=40
GROUP=1 GROUP=1

MARITAL=0 MARITAL=0
GENDER=0 GENDER=1
CITIZEN=0 CITIZEN=1

DEGREE=0 DEGREE=1

The first respondent’s expected income is calculated as

Expected income =
exp[8.19488 + 30(0.01636) + 40(0.01344) + 0.19798] =
exp[9.42126] = $12, 348

while the expected income of the second respondent is

Expected income =
exp[8.19488 + 30(0.01636) + 40(0.01344) 4 0.19798 + 0.23710+
0.28652 + 0.41226] = exp[10.35714] = $31,481

Income varies most over the respondents (level-1 units), and least
over the nine regions (level-3) units as we can see from the variances
at these levels, given as (0.60688 and 0.00783, respectively.
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In order to take a closer look at the relationships within the construction
and educational sectors, two separate data sets will be created for these
groups and similar models fitted in the next two examples. In the next
section, a model for respondents from the education sector will be consid-
ered.

Three-level model for the educational sector

In the previous example, a 3-level model for the combined education and
construction sector respondents from the 1995 CPC survey data was con-
sidered. In order to study effects for the educational sector only, a subset
of the data in the file INCOME.PSF is used.

We select respondents belonging to the educational sector by using the
PRELIS SC (select cases) command and select only those cases with
GROUP=1.

CREATE A SUBSET OF THE FULL DATASET
sY=L:\LISREL83\MLEVELEX \ INCOME . PSF
SC GROUP=1

oU XM

The new dataset is saved as EDUC.PSF.

The input file for the analysis is exactly the same as in the previous exam-
ple, with one exception — the variable GROUP is not included as a fixed
effect, as this variable now has the value 1 for all respondents in the data
set EDUC.PSF.

The input file for this analysis (EDUC.PR2) is shown below.

OPTIONS OLS=YES CONVERGE=0.001000 MAXITER=10 OUTPUT=STANDARD ;
TITLE=Analysis of CPC data: education sector group;
sY=L:\LISREL83\MLEVELEX\EDUC.PSF;

IDl=person;

ID2=state;

ID3=region;

RESPONSE=income;

FIXED=age gender marital hours citizen constant degree;
RANDOM1=constant;

RANDOM2=constant;

RANDOM3=constant;
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Partial output for this analysis follows.

ITERATION NUMBER 4

+-- +

| FIXED PART OF MODEL |

+-- +
COEFFICIENTS BETA-HAT STD.ERR. %-VALUE PR > |zl
age 0.02001 0.00129 15.49123 0.00000
gender 0.20943 0.02759 7.58961 0.00000
marital -0.01506 0.02851 -0.52812 0.59741
hours 0.01458 0.00079 18.55257 0.00000
citizen 0.17746 0.05042 3.51950 0.00043
constant 8.38120 0.07850 106.76220 0.00000
degree 0.39622 0.02693 14.71524 0.00000

+-- +

| -2 LoG-LIKELIHOOD |

+-- +
-2 LOG-LIKELIHOOD = 6991.19474301050

+-- +

| RANDOM PART OF MODEL |

+-- +
LEVEL 3 TAU-HAT STD.ERR. %-VALUE PR > |z|
constant/constant 0.00502 0.00445 1.12840 0.25915
LEVEL 2 TAU-HAT STD.ERR. %-VALUE PR > |z|
constant/constant 0.01283 0.00498 2.57744 0.00995
LEVEL 1 TAU-HAT STD.ERR. %-VALUE PR > |z|
constant/constant 0.50458 0.01267 39.83364 0.00000

LEVEL 3 COVARIANCE MATRIX
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constant

constant 0.00502

LEVEL 3 CORRELATION MATRIX

constant

constant 1.0000

LEVEL 2 COVARIANCE MATRIX

constant

constant 0.01283

LEVEL 2 CORRELATION MATRIX

constant

constant 1.0000

LEVEL 1 COVARIANCE MATRIX

constant

constant 0.5046

LEVEL 1 CORRELATION MATRIX

constant

constant 1.0000

2MULTILEVEL MODELING

CONVERGENCE REACHED IN 4 ITERATIONS

For the education sector, the following results are obtained.

o All fixed effects are highly significant and positive, with the excep-
tion of the coefficient for marital status (MARITAL). For this group,
the coefficient for the intercept (CONSTANT) is 8.38120. From the
results of the previous analysis, the intercept for the group of re-
spondents with GROUP=1 was 8.19488 4 0.19798 = 8.39286, with
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all other variables held constant. In general, the same trends are ob-
served for the combined and educational sector only groups: larger
positive coefficients are obtained for the variables GENDER, CITIZEN,
and DEGREE. Using the same two respondent profiles as in the pre-
vious example, with the exception of the GROUP variable which was
not included in this analysis, we calculate the expected incomes of
the two repondents.

Respondent1 Respondent 2

AGE=30 AGE=30
HOURS=40 HOURS=40
GROUP=1 GROUP=1

MARITAL=0 MARITAL=0
GENDER=0 GENDER=1
CITIZEN=0 CITIZEN=1

DEGREE=0 DEGREE=1

The first respondent’s expected income is calculated as

Expected income =

exp[8.38120430(0.02001)+40(0.01458)] = exp[9.5647] = $14,252

while the expected income of the second respondent is
Expected income =

exp[8.38120430(0.02001)+40(0.01458)40.20943+40.17746+0.39622] =

exp[10.34781] = $31, 118

The difference between the expected income of these respondents is
slightly smaller when only the educational sector is considered.

0 For this sector, the mean income varies little over the nine regions.
The variation at level 3 of the model is smaller than for the combined
model (0.00783 versus 0.00502) and is not significant at any com-
monly used level of significance. The conclusion may be reached that
most of the variation previously observed at a region level (level 3)
was due to differences between the two sectors. Variation at levels 1
and 2 remained significant.
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In the last example, we will consider a similar model for the construction
sector only.

Three-level model for the construction sector

In the previous two examples, a model for the combined education and
construction sectors and a model for the educational sector only were fit-
ted to the 1995 CPC survey data . As a final example, we consider a sepa-
rate model for those respondents active in the construction sector during
1994.

In order to study effects for the construction sector only, a subset of the
data in the file INCOME.PSF is used. As before, we select respondents be-
longing to the construction sector by running a small PRELIS input file
using the select cases (SC) command:

CREATE A SUBSET OF THE FULL DATASET
sY=L:\LISREL83\MLEVELEX \ INCOME . PSF
SC GROUP=0

oU XM

The resulting file CONS.PSF contains only those cases with GROUP=0.

The input file is exactly the same as in the previous example, with one
exception — the variable GROUP is not included as a fixed effect, as this
variable now has the value 0 for all respondents in the data set CONS.PSF.

The input file for this analysis is shown below.

OPTIONS OLS=YES CONVERGE=0.001000 MAXITER=10 OUTPUT=STANDARD ;
TITLE=Analysis of CPC data: construction sector only;
sY=L:\LISREL83\MLEVELEX\CONS.PSF;

IDl=person;

ID2=state;

ID3=region;

RESPONSE=income;

FIXED=age gender marital hours citizen constant degree;
RANDOM1=constant;

RANDOM2=constant;

RANDOM3=constant;
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Partial output for this analysis is given below.

ITERATION NUMBER 6

+-- +

| FIXED PART OF MODEL |

+-- +
COEFFICIENTS BETA-HAT STD.ERR. %-VALUE PR > |zl
age 0.01208 0.00157 7.69715 0.00000
gender 0.39847 0.09723 4.,09819 0.00004
marital 0.20337 0.03505 5.80180 0.00000
hours 0.01183 0.00110 10.73244 0.00000
citizen 0.32688 0.04805 6.80230 0.00000
constant 8.15061 0.13001 62.69199 0.00000
degree 0.21725 0.22626 0.96018 0.33697

+-- +

| -2 LoG-LIKELIHOOD |

+-- +
-2 LOG-LIKELIHOOD = 7087.74890333658

+-- +

| RANDOM PART OF MODEL |

+-- +
LEVEL 3 TAU-HAT STD.ERR. %-VALUE PR > |z|
constant/constant 0.01203 0.00747 1.61013 0.10737
LEVEL 2 TAU-HAT STD.ERR. %-VALUE PR > |z|
constant/constant 0.00486 0.00408 1.18984 0.23411
LEVEL 1 TAU-HAT STD.ERR. %-VALUE PR > |z|
constant/constant 0.70303 0.01880 37.39738 0.00000

LEVEL 3 COVARIANCE MATRIX
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constant

constant 0.01203

LEVEL 3 CORRELATION MATRIX

constant

constant 1.0000

LEVEL 2 COVARIANCE MATRIX

constant

constant 0.00486

LEVEL 2 CORRELATION MATRIX

constant

constant 1.0000

LEVEL 1 COVARIANCE MATRIX

constant

constant 0.7030

LEVEL 1 CORRELATION MATRIX

constant

constant 1.0000

2MULTILEVEL MODELING

CONVERGENCE REACHED IN 6 ITERATIONS

The following conclusions may be reached from the output given above:

0 When the fixed effects for this model is compared to those obtained
for the education sector, the coefficients for AGE and HOURS are
smaller. The age of a respondent in the construction sector and the
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number of hours worked will result in a smaller expected increase
in annual personal income. In contrast with the education sector,
where the effect of marital status (MARITAL) was not significant, a
respondent in the construction sector is likely to earn more when
the respondent is married, with all other variables held constant.

0 The coefficient for CITIZEN is approximately twice that of a respon-
dent from the education sector (0.32688 versus 0.17746). The mean
income, with all other variables held fixed at 0, is 8.15061 (as nat-
ural logarithm). With all other variables held constant, this trans-
lates into a $1, 339 difference in baseline income between citizens
and non-citizens in the construction sector. The baseline expected
income for a US citizen working in the construction sector can be
calculated as

Expected baseline =

exp(8.15061 + 0.32688) = $4, 805

For a US citizen in the education sector, the expected baseline in-
come is calculated as

Expected baseline =

cxp(8.38120 + 0.17746) = $5,211

o Again, the largest coefficients obtained are for GENDER, CITIZEN, and
DEGREE. Where the coefficient for GENDER was (0.20943 in the ed-
ucation sector, the coefficient for the construction sector is approx-
imately twice that, at 0.39847. From the output above, it is seen
that the coefficient for DEGREE is not significant. A closer examina-
tion of the data, using PRELIS data screening features, reveals that
only 14 respondents have a high level of education (masters, pro-
fessional, or PhD degree). If the same model is fitted without the
degree predictor, all other estimated parameter values basically re-
main unchanged.

0 Turning to the random effects, we see that the only significant vari-
ation is over respondents. At both state and division level, the vari-
ation is not significant. From this, combined with the results of
the analysis for the education sector (see p. 2.5.4), we conclude that
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the significant variation at level 2 seen in the combined model (see
p. 2.5.4), is probably due to the differences between these two groups
and the significant variation at this level for the education sector.
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